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ABSTRACT. In this paper, we introduce generalized multiobjective fractional programming
problem with two kinds of inequality constraints. Kuhn-Tucker sufficient and necessary op-
timality conditions are given. We formulate a generalized multiobjective dual problem and
establish weak and strong duality theorems for an efficient solution under generalized convex-
ity conditions.

1. INTRODUCTION AND PRELIMINARIES

Multiobjective fractional programming problems arise when more than one ratio objective
function is to be optimized over a given feasible region. Efficiency or Pareto optimum is the
optimality concept that appears to be the natural extension of the optimization of a single
objective to the consideration of multiple objectives.

Recently, there has been an increasing interest in developing programming problems.

In 1961, Wolfe [15] studied the duality theorem of convex programming. Afterward, a
number of different duals distinct from the Wolfe dual are proposed for the nonlinear programs
by Mond and Weir [11]. Duality relations for objective fractional programming problems with
a (generalized) convexity condition, were given by many authors [1, 3, 5, 8, 10, 12, 13, 14].

In 1992, Jeyakumar and Mond [6] introducted V-invexity. After Khan and Hanson [7] es-
tablished duality theorem for single objective fractional programming problem by using ratio
invexity condition, Craven and Mond [3] obtained more generalized duality results by using
invexity and V-invexity due to Jeyakumar and Mond [6].

This thesis has two aims. One is an extension of the results in Craven and Mond [3] for
two inequality constraint conditions from the single objective to multiobjective cases. And the
other is to formulate a generalized multiobjective fractional dual problem.

This paper is organized as follows. In section 1, we introduce generalized multiobjective
fractional problems under the concept of efficient solution needed in the proof of a strong
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duality relation. In section 2, we establish Kuhn-Tucker sufficient conditions for generalized
multiobjective fractional problem. In section 3, we prove weak and strong duality theorems for
multiobjective fractional dual problem due to Craven and Mond [3] and generalized multiob-
jective fractional problem under generalized convexity.

We consider the folllowing generalized multiobjective fractional programming problem:

gi(x)" gp(z)
subjectto  hj(z) <0, kj(z) <0, j=12,---,m z€lX,

where X is an open set of R, f := (f1,---, fp) : X = RP,g:=(g1,--- ,9p) : X = RP, h:
(hi, -+ ,hm) : X = R™and k := (k1,--- ,km) : X — R™ are continuously differentiable
over X. Let S = {z € X : hj(z) < 0,kj(zx) < 0,j = 1,2,---,m}. We assume that
f(z) > 0forallz € X and g(x) > 0 forall z € X.

(MFP) Minimize ¢(x)

The following convention for inequalities will be used in this paper. If z,u € R", then
r <uwiffu—z € RY, o <cuiffu—2 € RE\ {0}, 2 < uwiffu — 2z € intRY, and
T ﬁe u is the negation of x < u . Forz, u € R, x < wu and x < u have the usual meaning.

Definition 1.1. A feasible solution T for (MFP) is a efficient solution for (MFP) if q(z) %
q(z) forallxz € T.

Definition 1.2. A function F' : R™ — R is said to be sublinear if F(a1+a2) < F(a1)+F(ag)
forany a1, a2 € R" and F(ra) = rF(a) foranyr € Ry, a € R™

Definition 1.3. Given an open set X C R", a number p € R, and two functions o : X x X —
Ry \ {0} and d: X x X — R, a differentiable function f over X is said to be (F, o, p,d)-
convex at T € X if forany v € X, F(x,%;-) : R™ — R is sublinear, and f(x) satisfies the
following condition:

f(2) - f(@) > F(2,7 : a2, D)V (@) + pd? (a2, 7).

If p = 0ord(x,z0) = Oforall z, g € X and F(z, xo; o, 20)V f(20)) = V.f (z0) T n(z, 20)
for a certain mapping 1 : X x X — R", then (F, «, p, d)-convexity reduces to invexity.

In the proof of a strong duality relation, we will use the following lemma due to Chankong and
Haimes|[2].

Lemma 1.1. T is an efficient solution for (MFP) if and only if for all i = 1,2,--- ,p, T
solves (Py)

fiz)

gi(x)

subjectto x € X,

where X; = {x € R”|£Eg < gg; forall j #i, hj(x) <0, k;j(x) <0}

(P;) Minimize
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2. OPTIMALITY CONDITIONS

Now, we establish the Kuhn-Tucker type sufficient and necessary optimality theorem for
(MFP).

Lemma 2.1. Let X C R"” be an open set. Assume that p, q and r are real-valued differentiable
functions defined on X and p(z) + r(z) > 0, g(x) > 0 forall x € X. If p,r and —q are
(F,a, p,d)-convex at T € X, then % is (F, @, p,d)-convex at T, where

— — a(z,x)q(T) — T)+r(T = — d(z,x
a(z,x) = o(z,2)e(@) é(g)c')l( ), p= p(1—|— pE )(+)( )), and d(z,T) = —q(%(x;.

Proof. For any x € X, we have
pla)tr(@) _ p@)+r@) _ (p@)+r(@))—(p@)+r(@) _ (p@)+r(@))(9(z)—4¢(T))
q() q(z) q(z) q(z)q(z)
By the (F, a, p, d)-convexity of p, 7 and —¢, and p + r > 0, ¢ > 0, we obtain

p)tr(@) _ p@+r(@) - L(F(x,f;a(m,T)V( (T) + r(T)) + pd*(x, w))

q(x) a@ = q)
IO (P (2.7 (e, 2)Ve(@) + pd(2.7) ).

Based on the sublinearity of ¥ and p + r > 0,q > 0, the following inequalities can be
obtained: o B
px)tr(z) p(xg-%(ﬂﬂ) > F(x,f; Ot(l‘,x)v(p(f) +r(*))) +p (( ))

q(z) ( q(z)
. _ o(z,7) (p(@)+7(T)) d?(2,7)(p(z)+1(z))
(7 2O g (7) ) + p )
= o(z,T) @)V (p@)+r(®) - (@) +r(T) Ve(ZT) 7)+r(z) | d*(
z P\ Say 1) )*P( HEED) G
_ =. (2,7)q(T) o p(T)+7(T) p(@)+r(@) | &(2.7)
= F(om T Ve ) +o(1+ 25 CER. )
Denote a(z,T) = %, p= p(l + p(x)(tg(x)), and d(z,T) = %. Then we have
p@;(;@ MO > (570, VDD 4 5f (2, 7), Ve € X
Therefore, 2° is (F, @, p, d)-convex at 7. O
Theorem 2.2. (Kuhn-Tucker Sufficient Conditions) Let T be a feasible solution of (MFP).
Suppose that there exist X = (A1, Mg, , A\p)T > 0, v = (vi,v9,-+ )] € R and
w = (wy,wa, -+ ,wy)! € RT such that
Z)\V +” “hiz +Zw]Vk‘ @2.1)

vTh(a:) =0, w'k@) =0.

If fi, —gi, i = 1,2,--- ,p, and v'h are (F, o, p;, d;)-convex at T, kj forall j = 1,2,--- ,m
is (F, B, ¢}, cj)-convex at T, and

Z )\zpz

+ Z wjg] >0, 2.2)
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where &;(x,T) = %, i = pi(l—l—%%h@), and d;(x,T) = @3 then T is an

efficient solution for (MFP).

Proof. Suppose that T is not a global efficient solution of (MFP). Then there exists a feasible

solution  such that £(2) <. f(@)
g(x) 9@)"

Since z is feasible for (MFP) and v"h(Z) = 0,
f@)+vTh(z)e - f@)+vh(@)e
9(z) =€ 9(z)
By Lemma 2.1, for each i, 1 <1i < p, fz+v his (F al,pl, d; ) -convex, i.e.,
where @;(z,7) = 2027900 (@ ;)gl( ), D = pz(l + 7fz’(§)ffh(§)>, and d;(z,7) = di(@.T)
gi(x) v 9:(%) gé(x)
Since @;(x,T) > 0, by the sublinearity of F', we have
1 (L) toh(@) _ fi@) 4T h@E) 2 v li@+Th@Y | o & (eT)
ai(z’,f)< :L"gl(’ux) 2 — :vgi(vf = > > F(l’,.@,v xgl(vj) - ) +Piai(i;)a
where the left-hand side of the above inequality is less than or equal to zero.
Hence, we obtain the following inequalities,
— o fi@+Th(z
F(m,x;V%)+maEng<o 1=1,2,--,p,
and at least one inequality holds strictly.
Multiplying the above inequalities with A\; > 0, ¢ = 1,2,--- | p, respectively, and then
adding them together, we have
; h(z
> )\F(l’l’V%)‘FZ lpla ig<0.
By the sublinearity of F'and A\; > 0, ¢ = 1,2, --- | p, we know that

(z UT T _ ] v xT
[ /\iF<x,§; V%) > F(»’Ua Ty 0y Aiv%)

Hence, we get
= (@) +oT h(T _ di(x7
F (o, 00, NEEREMD) 4 50 Ap LD <o,
Substituting (2.1) into above inequality, we obtain

b
Zw]Vh Z g ~Z <. (2.3)

The sublinearity of F' and (2.2) yield
_ m _ m — 5 (2,T)
F(xvx;_ijl wJVk](x))+Zz 1 lpza xmg +F(‘T z; Z] IMJVI{;J(:C))—’_ZJ le<JBJ (z,7)

7d (z,7) c(xw)

DY P iPig,(z.7) JFZJ lwlCJﬁ wm 20
Using (2.3), we obtain

m m 2
F(o, 75y wjVki(@) + ) wi¢ ;J,(
j=1 Jj=1 /

x,T)
— > 0. (2.4)
(z,)
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On the other hand, for j = 1,2, --- ,m, by the (F, 8}, (j, ¢;)-convexity of k;, we have
kj(x) — k;j(T) > F(x,T; 8 (2, 7) Vki(T)) + ¢;c5 (2, T).
By using w; > 0, §;(x,Z) > 0 and the sublinearity of F, we have
kj (x)—k; - 3 (x7)
Sy w; ST > P2, 7 Y w0V () + S w3 ey
Since z is feasible, w € R, w? k(%) = 0 and B;j(z, z0) > 0 implies that
S w; K@ k(@) .

J=1 B (z,T) -
Then, we obtain

, T
mew]Vh +Zw]§]ﬂ(( ))<O,
which contradicts (2.4). Therefore,  is an efficient solution for (MFP). O

From Lemma 1.1, we have the following Kuhn-Tucker necessary optimality theorem for
(MFP).

Theorem 2.3. (Kuhn-Tucker Nesessary Conditions) Let T be an efficient solution for ( MFP).
Assume that T satisfies a constraint qualification for (F;), i = 1,2,--- ,p. Then there exist
A>0,veR™and w € R™ such that

Z)\ VM ﬁl:w]v]C

vT h(Z) :0, v>0, w>0.

3. DUALITY THEOREMS

We propose the following multiobjective fractional dual problem to the primal problem
(MFP):

filw) +0Th(s)  fylu) + oTh(w)
a T g
subject to VAT p(u, v) + VT k(u) =0, 3.1
v>0, w>0, wk(u)=0 A=\, ,)\p)T > 0,
where p: X x R™ — RPande = (1,--- ,1)T € RP.
Theorem 3.1. (Weak Duality) Assume that x is feasible for (MFP) and (u,v,\,w) is

feasible for (MFD). If fi, —gi, i = 1,2,---,p, and v'h are (F,a;, p;,d;)-convex at
u, kj, j=1,2,---,m,is (F, ﬁj,Cj,cj)-convex at u, and the inequality

(MFD) Maximize p(u,v) = (

¢; (x, u)

Z)\z Zia;u +Z JCJﬁ( )ZO (3.2)
J
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holds, where &;(x,u) = %7@ = pi(1+ %ﬁ;h(“)), and d;(x,u) = 4@ then

; 97 (2)
f(a? fu)+v” h(u)e
we have ﬁ o)
Proof. Assume to the contrary that
T
f@) o fu) v h(u)e (3.3)
g(x) g(u)

For each 7, 1 <1 < p, by the generalized convexity assumptions and Lemma 2.1, we have

i(2)+vT h(x i (u vl i v — =2
1l L—:(I)h( ) Sl );(u)h( W > F<x u; o, u)Vif( )+( )h( )) + p;d; (z,u),
where @;(x,u) = %, P = pi < + W) and d;(z,T) = %. Using

Ai >0, @;(z,Z) > 0 and the sublinearity of F', we get, fori =1,2,--- ,p,

a;(x,u) gi() gi(u) iP Za (z )
Then, by (3.3) and vT'h(z) < 0, we obtam
T
/\F(:z: u; VW)—I—A[&%Z% <0,i=1,2,-
and at least one of the above inequalities holds strictly.
After adding these inequalities together, we get

B )\F(.ﬁUVM)—FZZl iPi= wu)<0.

() @i(z,u)
Hence, it follows from the sublinearity of F' that

p
(:c u; Z)\ v ”Th( )) +ZAipiij(’:’“) <0. (3.4)

By the (F, 3}, j, ¢j)-convexity of k;, j = 1,2,--- ,m, we have
kj(x) — kj(u) > F(x,u; (2, u)Vh;(u) + ¢icf (z, u).
Using wj > 0 and 3;(z,T) > 0, we get
ki (2)— ks )
w; BB > P (@, u; Vi () +w]gj; ZZ j=1.2,
Adding these inequalities together and since z is feasible of (MFP) and wTk( ) = 0, we

obtain )

>y wiF (2, uy Vkj(u)) + 370 w;i; ;] <.

Using the sublinearity of F' again, we have

F(x,u; ijVk +Z 3@5 3.5
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Based on the sublinearity of F, (3.1), (3.4), and (3.5), the following contradiction occurs:

0= F(z,u;0) = F(x, u; zp: )\@'VW + iijkj(U)>
i=1 i\ j=1

m

< F(m,u; i)\iVM) + F(CL’,U; ijVk‘j(u))

i=1 gi(u) j=1

Therefore, if follows that £(2) Le fw) o h(u)e O
g(x) g(u)

Theorem 3.2. (Strong Duality) Assume that T is an efficient solution of ((MFP) and T satis-
fies a constraint qualification [9] for (P;). Then there exist \(€ RP) > 0, v € R, w € R}
such that (T,v, \, W) is feasible for (MFD), and the objective function values of (MFP) and
(MFD) at the corresponding points are equal. If the assumptions about the generalized con-
vexity and the inequality (3.2) in weak duality are also satisfied, then (T, v, \, W) is an efficient

solution of (MFD).

Proof. Since 7 is an efficient solution of (MFP), from Lemma 1.1, T solves (F), for all
1 =1,2,---, p. Now from the necessary optimality theorem 2.3, there exist A > 0, v > 0 and

w > 0 such that
_ N\ | =T 7 (=
centerlineV()\TW) + VT k(z) = 0 and w? k(Z) = 0.
Thus, (Z,7, A\, W) is a feasible solution of (MFD). Moreover, by Theorem 3.1, (Z,7, A, W)
is an efficient solution. 0
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