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ABSTRACT. A discontinuous Galerkin method with interior penalty terms is presented for lin-
ear Sobolev equation. On appropriate finite element spaces, we apply a symmetric interior
penalty Galerkin method to formulate semidiscrete approximate solutions. To deal with a damp-
ing term V - (V) included in Sobolev equations, which is the distinct character compared to
parabolic differential equations, we choose special test functions. A priori error estimate for
the semidiscrete time scheme is analyzed and an optimal L°°(L?) error estimation is derived

1. INTRODUCTION

Discontinuous Galerkin methods using interior penalties have been used very widely for
solving various types of differential equations, including computational fluid problems. By
virture of the potential of error control and mesh adaptation and the local mass conservation,
DG methods are preferred over the standard Galerkin method.

Since Baker [4] firstly introduced the interior penalty method with nonconforming elements
for elliptic equations, discontinuous Galerkin methods with interior penalties for elliptic and
parabolic equations have been developed by several authors [1, 5, 14]. They generalized
the Nitsche method in [6] which treated the Dirichlet boundary condition by introducing the
penalty terms on the boundary.

New applications of disconticontinuous Galerkin methods with interior penalties to nonlin-
ear parabolic equations are considered in [9, 10, 11]. The authors in [9, 10, 11] developed
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elementwise conservative DG methods and derived a priori and a posteriori error estimates in
higher dimensions.

The purpose of this paper is to consider the discontinuous Galerkin approximations of
Sobolev differential equations with one time derivative appearing in the highest space deriv-
ative term. Sobolev equations are used to study the consolidation of clay, heat conduction,
homogeneous fluid flow in fissured material, shear in second order fluids and other physical
models.

In [12, 13], the authors constructed semidiscrete DG approximations and fully discrete DG
approciamtions and obtained the optimal L>°(H") error estimates for the nonlinear Sobolev
equations. In this paper we construct semidiscrete DG approximations and analyze a priori
optimal L>°(L?) error estimaties for the linear Sobolev equations. In section 2 we introduce
a model problem and some assumptions. In section 3 several notations and preliminaries are
described and discontiuous Galerkin seimidiscrete scheme is formulated. Finally an optimal a
priori L>°(L?) error estimate is analyzed in section 4.

2. MODEL PROBLEMS AND ASSUMPTIONS

Consider the following linear Sobolev equation
ur — V- (Vu+ Vuy) = f(z,u) in Q x (0,7, (2.1)
with the boundary condition
(Vu+ Vuy)-n=0 ond x (0,77, (2.2)
and the initial condition
u(x,0) = up(z) in Q, (2.3)

where © is a bounded convex domain in R%, d = 2,3 and n is the unit outward nomal vector
to Of).

We assume that the following conditions are satisfied.

1. f is uniformly Lipschitz continuous with respect to its second variable.
2. The model problem has a unique solution satisfying the following regularity condi-
tions:

we L=((0,T), HY(Q)), w € L2((0,T), H*(Q))

for s > 2.
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3. NOTATIONS AND DISCONTINUOUS GALERKIN APPROXIMATIONS

Let &, = {E1,Ea,--- , En,} be a regular quasi-uniform subdivision of €2, where E; is
a triangle or a quadilateral if d = 2 and E; is a 3-simplex or 3-rectangle if d = 3. Let

h; = diam(E;) be the diameter of E; and h =  Jax. hj. The regularity means that there
<J<Nn

exists a constant p > 0 such that each E; contains a ball of radius ph;. The quasiuniformity
reguirement is that there is a constant v > 0 such that

;SW@ ]:]-a 7Nh
These quasi-uniformity and regularity assumptions are reguired for driving error estimates in
terms of the degree of polynomials.

We denote the set of all edges of the elements by {eq, ez, -+ ,ep,,ep,+1,- - ,en, } where
er CQ,forl <k < Py, e, C O for P, +1 <k < Mj. ny is unit outward nomal vector to
Eiife, =0F;NOE;fori < jand1l <k < P,andng =n, P, +1 <k < M,

For an s > 0 and a domain E C R?, the usual norm of Sobolev space H*(E) is denoted by
|| - ||, and the usual seminorm is denoted by | - |5 g. If E = Q we write || - ||, | - |s instead of
|- lls0 |- |s,0 and if s = 0 we use || - || instead of || - ||o.

For s > 0 and a given subdivision &, we define the following space

H*(&,) ={v e L*(Q) :v|g, € H (E;),j=1,-- ,Np}.

Now, for ¢ € H*(&), s > %, we define the following average function {¢} and jump
function [¢),

(0} = 5@l)les + 3015y, Vo€ e, 1SR < Py
61 = 615w — (Gl5lews Vo€ er 1S k< P

where e, = OEF; N 0E;, 1 < j.

The usual L? inner product, for the functions ¢, ¢ € L?(E), is denoted by (¢,v)g. If
E = Q we use (¢,1)) instead of (-, -)q.

We define the following broken norms associated with H*(&},) for s > 2,

Np
Iells = > 161155,

j=1
Np

oIt =D (ol s, + A31613 ;) + 7 (&, )

=1

Np
Iels = > 161135,
j=1
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h
where J7(¢,v) = ‘ fek t]ds is an interior penalty term and o is a discrete positive

function that takes the constant value o on the edge e and is bounded below by oy > 0 and
above by o*.
Let r be a positive integer. The finite element space is taken by

Np,
= H P.(Ej)

where P,.(FE;) denotes the set of all polynomials of total degree not greater than r on Ej.
Throughout this paper the symbol C' indicates a generic positive constant independent of / and
is not necessarily the same in any two places. The following hp approximation properties are
proved in [2, 3].

Lemma 3.1. Let E; € &, and w € H*(Ej;). There are a constant C' independent of u r and
h, and w € P,(Ej) such that for any 0 < q < s,

p—q
lu=llg.5; < Ci= ! —llulls,z; s =0

1/2 .

lu —lloe; < C i 7z lulls,g; s> 5
3/2

_ hdl 3

HU_UHLGJ <C=—x rs5—3/2 5

where . = min(r + 1, s) and e; is an edge or a face of E;.
The following Lemma states the trace inequalities whose proofs are given in [1].

Lemma 3.2. For each E; € &}, there exists a positive constant C' depending only on vy and p
such that the following two trace inequalities hold:

2 vgc<1
3 h‘j

1
IVé-nilloe, <C (h|¢>|%,Ej + hj|¢>|%,Ej> , Vo € H*(Ej),
J

i ].> , Vo € H'(E)),

where e is an edge or a face of Ej and n); is the unit outward normal vector to e;.

We define a bilinear functional A on H2(&,) x H%(Ep) by

Np,

A6, 0) = S (Vo, V)i Z / (V6 i} ds—Z / (V0 miHlolds + J7(6, ).

k=1
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From (2.1), u satisfies the following weak formulation
(utav) + A(u,v) + A(uhv) = (f(u)7v>a Vo € H3(5h> (3.1

Now we formulate a semidiscrete DG approximation to (3.1) as follows: Find U(-,t) €
D, (&) satistying

{(Um + AU, ) + A(Up,0) = (f(U),v), VDy(&),

U(-0) = U G-

where Uy is an appropriate projection of the initial condition ug(x) onto D,.(&y). For example,
we can choose Uy as u(x, 0) to be defined later.

Define A(¢,v) = A(¢p, 1) + (¢, 1), with A > 0. Then we obtain the following lemmas
which can be proved easily by using Lemma 3.2 and the definition of || - ;.

Lemma 3.3. For \ > 0, there exists a constant C' independent of h satisfying

|Ax(o, )| < Clldlallvlh, Vo, € H?(E).

Lemma 3.4. For a sufficiently lage o and )\ > 0, there exists a positive constant 3 such that
Ax(v,0) 2 Blollf, Yo € Dy(En).

Proof. For an arbitrary small constant 6 > 0, we have, by Lemma 3.2

Nh Ph
A\(,0) =D (Vo, Vo), =2 [ {Vv-np}o] + J°(v,0) + A(v, v)
j=1 k=1" ¢k
o o1 o Ok
> [Vollg =8> lexll{Vo G e, — =D i l]3.e, + I (v,0) + Allo||?
k=1 o0 i lel
Np, 6_1
> IVl - CO 3 hy(h; 9o, + byl ol ) + (1= ) 77 (0v0)
j=1
+ Allo]?
2 2 o 2
> 1Vl - CoIvol + (1= 2 ) 27(w.) + Aol
1 1 5\
— (5-08) 190l + U0l + (1= 2 ) 7o(wr0) + Aol
1 2 l 21o2,. (2 co!
> (5-00) IVl + O IV, + (1= S ) 52w + Ao

j=1
> Bl
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By Lemma 3.3 and Lemma 3.4, if A > 0 there exists u € D, (&},) satisfying
A)\(u - ﬂa X) = 07 VX € DT‘(SI”L)

Now we state the following Lemma which is essential for the proof of the optimal con-
vergence of the semidiscrete approximation in the norm L°°(L?). The proof can be found in

[8].

Lemma 3.5. For A > 0, we let t € [0,T) be fixed and suppose that there exists ¢ € H?(E)
satisfying
Ax(¢,v) = F(v), Yv € D,(&),
where F : H%(&),) — R is a linear map. If there exist My, My > 0 satisfying
|E(¥)] < Millll, o € H(E)
|F()] < Ma|[¢ll2, ¢ € H*(Q) N Hg($),
then we have the following estimation

¢l < Cloll + Mi)h + Mo.
Proof. For ¢ € L*(Q), let ¢ € H(Q) N H(2) be the solution of an elliptic problem

—AY + ) = ¢. (3.3)
From the regularity property of the elliptic problem, then we have
[ll2 < Cllo]l-

Let 17 be the interpolant of ¢ such that |[¢b — ¢;|l1 < Ch|[¢||2. Then from (3.3) and the
assumptions we get the following inequalities
1617 = (6, 0) = (¢, = A9 + M) = Ax(¢,9)

= Ax(¢, Y — 1) + Ax(, ¥r)

< Cllglllv — il + F(r)

< Clgllhll¢llz + F () = F( — i)

< Chllolhl[¥ll2 + Malihll2 + Millv — ¢zl

< Chl|o[l1[[¥ll2 + Mallebllz + ChMy|e||2

< C(hllolliliol + Mol + Myh|o]]).

Therefore we get
ol < Cl(l¢lls + Mr)h + M.
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4. OPTIMAL L*°(L?) ERROR ESTIMATE

Now, to prove the L°°(L?) optimal convergence of v — U, we denote

n=u—u, 0=u—u, E=u—U, e=u—"U. 4.1

Theorem 4.1. Forr, s > 2, there exists a constant C independent of h satisfying the following
statements:

!
@ u—ulh < C = llulls,
h*
(i)  fu—ql < CQHUHS,
pn—1
(i) [Jue — el < C}:S_Q [[uells,
hH
(iv) [Jue — ]| < Crsi_gHUtHs-

Proof. From Lemma 3.3 and Lemma 3.4, we get
617 < CANB,6) = CAx(u —4,6) < Cllu —al1]|6]l:

from which we get

el < Cllu —allx. 4.2)
By the definition of || - ||, Lemma 3.1 and Lemma 3.2, we have
Ny,
bu =3 =Y (=@l g, + h2u— @3 g, ) +J7 (0 — w— )
7j=1
Np, hZ(# 1) hQ(# 2) Py, oL
< Zc(;ﬂuuuw + Sl s ) Sk [ - aas
j=1 = lekl Je,
Ny, 2(M 1) P,
<CZ oy v 125, +C>_ lex u—allg.,

k=1

<% S uuqu +OZh (A7 Ml =@l g, + 119 = )3 5, )

N p2(e=1) hz" p20=1)
<CZ hi o lulli s, +czh 2( 142 ;(sl)> ull? &,
Nh hQ(# 1)

<CZ 28 2)” HSE?
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which implies
pn—1

lu = ully < C—=[lulls. (4.3)

rs— 2 |

From the triangle inequality, (4.2) and (4.3), we obtain
~ - - - i1

lu—ally < flu = ully + [z = ully < Cllu — ull < C = [lulls,

which proves (i).
By applying the result of Lemma 3.5 with M; = My = 0, we get the statement (ii) as
follows s

lu =@l < Cllu —allih < O

[[u]s-

Differentiating A ,\(17, v) = 0 with respect to ¢, we get

S5 Ve, - Z / (Vi) Z / {90} + 77 ) + Al v) = 0
7j=1
which implies
Ax(ng,v) = 0.
By applying Lemma 3.5 with M; = M3 = 0, we get
el < chllmell-
From the definition of 1 and #, we seperate 7); into
Imells < 16elly + Nluwe — el
The results of Lemma 3.3 and Lemma 3.4 imply that
10:0F < CAX(0:,6:) = CAx(us — Tr, ;) — CAx (s, 67)
= CAx(uy — g, 0) < Cllug — el ][0
Therefore we get
16l < Cllue — Gl
el < Cllue =l

By applying Lemma 3.1 and Lemma 3.2, we get

Ny, 2(u 1) B2 2(p—2) Py,
lle — @I <CZ< Sy luell? gy + 13 é(s o7 luell? i >+CZ|ek_1IIUt—ﬂtII3,ek
k=1

Ny, g, 20
<CZ e Hut||2E +CZh (|ut—ﬂt||§7Ej+h?||V(ut—ﬁt)H§7Ej)

Nh h?(ﬂ 1)
< CZ ﬁ”utngﬂj,
=1
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which implies

pp !
,,4372

flus =l < €
p !
el < €= Iluells,

[[uells,

and

h*
Inll < €=

[ s-

Theorem 4.2. [f A > 0 is sufficiently small, then there exists a constant C independent of h
satisfying the followings:

. B

@ lu—=Ullgeo(r2y < Crs,g (Ileell oo rsy + Nuell p2rrs))
) hH—1
Q) fu=Ullegu < C 5= (llull L2 (prsy =+ lluell 2 (ars)

h*
() lue = Utllpzz) < € (lwll L2 arsy + Nuell p2cms))

) hH—1

iv)  flue = Uil gz < ¢ (el p2rsy + Nuell 2casy)

Proof. From the notation (4.1), we have e = 7 + £. By subtracting (3.2) from (3.1), we have
(er,v) + A(e,v) + A(er,v) = (f(u) — f(U),v), Yv € Dy(E).
By applying the definition of Ay, we get
(et,v) + Ax(e,v) + Ax(er,v) = (f(u) — f(U),v) + Ae,v) + A(et,v), Yv € Dy(E).
From the equation above, we can deduce
(&, v) + Ax(& v) + Ax(&t,v)
= — (m,v) = Ax(n,v) = Ax(ne,v) + (f(w) = f(U),v) + Au = U, v)
+ Aug — Uy, v) 4.4)
= = (,v) + (f(w) = f(U),0) + Mu = U),v) + Aur = U, v)
= — (e, 0) + (f(w) = f(U),v) + A&, 0) + A0, v) + A&, v) + A, v).
Now we choose v = £ + & in (4.4), to get

6 + 5 (6.6 + A\(E6) +245(6.6) + Ar(60.6)

= = ,8) — (&) + (f(w) = fF(U), E+ &) + A& E+ &)+ A, E+ &)
+ A& E+ &) + A, €+ &),
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which yields the following inequality

Np,

(6:€) + AN(E, &) + An(&, &) +2 [Z(vg, V&) e,

k=1

1d

2 [
I+ 5=

Py, Py,
=3 [ Temie) =Y [ 196 mbel+ 076 &) + ME &)

k=1"¢k k=1"¢k
< (L4 N [nelllE+ A+ Mlmellligl + KAl + HENAEN + 1€l + A€l

+2M(&, &) + Al €N + Il + Ml 1€

If )\ is sufficiently small, we obtain the following inequality

Np,
||§tH2 + Ax({,f) + A)\(gtagt) + %% ((]‘ + A)é?&) + 2;(V£, v&)Ek + 2‘]0(575)]

P, Py,
< (Inel® + Il + 1€]12) + ell&]2 + 2 (Z / (Ve el + Y / {vst.nk}m) .

k=1" ¢k k=1" ¢k
By the definition of J and Lemma 3.2, we can find that
1d
2dt
< C (Ilnell® + [lnl* + 11€11) + CUVENS +eJ7 (&, &) + CI7 (€, 6) + el V&R,

Np
€17 + AN(E, €) + Ax(& &) + (&€ +2) (VE,VEp, + J”(&&)]
k=1

which implies that

1d
I€ell® + N + el + 5 [Nl + IVEls + 77 (&, €)]

< C [llnell + llnll* + I€1* + IVENE + 77 (€, )] -

4.5)

By integrating (4.5) from ¢ = 0 to ¢ = 7, we have

€l (7) + IVENG(7) + 7 (&, €)(7) + /OTHI&H2 + €T + &)t
< JIEI*(0) + [IVEII*(0) + J7 (€, £)(0) + C/OTH|€||2 +IVEIR + 77 (&, €)lat

t
e /0 (el + lIml1?)d.
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Gronwall’s Lemma and the approximation results from Theorem 4.1 imply that

Il*(r) + IVENS(r) + J7 (&, €)(7) + / (&l + el + el

< [ mlP + P @6)
0

h2# 2 2
< Cm(““”p(m) + lluellz2(grs))-

From (4.6), we get the following approximations
1€l oo 22y < C (HUHL2 ey + luell p2(ms))

hu
IElzaqrany = €=z (ullzaqare) + luellz2as))-
Using the inequality (4.6) again, we have

1€l

(”UHL2 mey T llutll L2 (ars)

hﬂ
€l 2y < €=z (lullzaqars) + el z2are))-

Therefore by the triangle inequality and Theorem 4.1, we obtain the statements (i) and (ii) as
follows:

lell oo (z2) < Ml poe(n2y + 1€l oo 2y

i
< Oz (llullee sy + el 2ge))
and

lellz2qgp) < lnllzzqepy + 1€lz2grp)
pL
=0 = ([l z2earsy + llwell 2 as))-

Again applying the triangle inequality and Theorem 4.1, we prove the statements (iii) and (iv)
as follows

et 22y < lmlleney + €l 2 z2)

h*
< Oz Ulullzeqasy + lluell L2 s))

and

leell oy < Notell 2y + 1€el 2
hiL
< CE(HUHL%HS) + [Juell 2 sy
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