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ABSTRACT. The purpose of this paper is to obtain new complexity results for a second-order
cone optimization (SOCO) problem. We define a proximity function for the SOCO by a kernel
function. Furthermore we formulate an algorithm for a large-update primal-dual interior-point
method (IPM) for the SOCO by using the proximity function and give its complexity analysis,

+1
and then we show that the new worst-case iteration bound for the IPM is O(gVv N (log N) K
log &), where ¢ = 1.

1. INTRODUCTION

Primal and dual interior-point methods (IPMs) have been well known as the most effective
methods for solving wide classes of optimization problems, for example, linear optimization
(LO) problem, quadratic optimization problem (QOP), semidefinite optimization (SDO) prob-
lem, SOCO problem and convex optimization problem (CP).

The choice of parameter 6, the so-called barrier update parameter, plays an important role in
the both in theory and practice of [IPMs. Usually, if 6 is a constant which is independent of the
dimension of a problem, then the algorithm is called a large-update method. If it depends on
the dimension, then the algorithm is said to be a small-update method. Large-update methods
are much more efficient than small-update methods in practice ([1]). The gap between theory
and practice has been referred to as irony of IPMs ([28]). Recently, many authors have tried to
reduce the gap of the worst-case iteration bound between large-update IPM and small-update
IPM. Using self-regular proximity functions instead of classical logarithmic barrier functions,
Peng et al. ([23, 24, 25, 26, 27]) improved the complexity of large-update IPMs for LO, SDO
and SOCO. They obtained the worst-case iteration bound O(y/nlognlog ) for large-update

IPMs of LO and SDO, and the worst-case iteration bound O(v/N log N log %) for SOCO
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([23, 24, 25, 26, 27]). After that, Bai and Wang in [6] and Bai et al. in [7] defined proximity
functions of large-update IPMs for SOCO and obtained the bound O(+v/N log N log g)

Recently, Bai et al. ([4]) introduced a new class of kernel functions. The class was defined
by some simple conditions on the kernel function and its derivatives, and presented a simple
and unified computational scheme for the complexity analysis of kernel functions in the new
class. The best iteration bound, which was given by Bai et al. ([4]), is O(y/nlognlog %)
Very recently, following the approach of Bai et al. ([4]) for LO, Cho et al. ([8]), Cho and Kim
([9]) and Cho ([10]) used new kernel functions to calculate the iteration bound for a P, (k)
linear complementarity problem (P, (x) LCP).

The aim of this paper is to obtain new complexity result for an SOCO problem using a new
proximity function and following the approach of Bai et al. ([4]).

In this paper, we define a new proximity function for the SOCO by a kernel function which
is suggested by Amini and Peyghami for LO in [2], Amini and Peyghami for P,(x) LCP in
[2] and Choi and Lee for SDO in [11]. Using the new proximity function for the SOCO,
we formulate an algorithm for a large-update primal-dual IPM for the SOCO and we give its
complexity analysis, and then we show that the new worst-case iteration bound for our IPM is

O(qVN(log N) % Tog ™).
where ¢ = 1.

Now we recall the definition of SOCO, which is the problem of minimizing a linear objective
function subject to the constraint set defined by linear equalities and product of second-order
cones (see [20] for applications of SOCO). First we give the definitions of second-order cone,
its related matrix and induced vector ordering. The set K/ is the second-order cone of dimen-

sion n; defined as

j

- J i \T j 72 72 J
K7 = {(a1, - ,2])" €RY [ (27)" - Z(%) 20,2720},
i=2
j=1,---  N. Let Ki be the interior of K7. For any 2/ = (mjl, e ,x%j )T € R", let us
define a matrix
J J
mat(z’) = P A
(%:nj) xy B,

where x%:nj =( % s x%g) and Ey,; 1 denotes the identity matrix in R—Dx(n=1) 5 =
1, -+, N. The vector 7 € K7 means that mat(z?) is a symmetric positive semidefinite

matrix, that is, mat(z7) = 0. As standard, the notation 2/ > y; 0 (or 27 >, 0) means that
2/ € Ki(orzl € K}). Let K = K! x - x KV, Ky = K} x -+ x KY¥ andn =
Zévzl n;. Then for a vector z = ((z")T, (22)T,--- , (2™)T)T € R™, = =k 0 means that
) e Kforallj=1,---, N.
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Consider the following second-order cone optimization problem (shortly, SOCO):

SOCO Minimize  clz
subject to Ar = b, x =g 0,

and its dual problem:

SOCD  Maximize b’y
subject to ATy + s = ¢, s = 0,

where A € R™*" b c R™, ce R", z = ((z")T, )T, , (@™)")T € R", and 27 € R™,
j =1, ---, N.The matrix A is assumed to be of full row rank, i.e., rank A = m. In the sequel,
we assume that both SOCO and SOCD satisfy the interior-point condition (IPC), that is, there
exists (29, y¥, %) such that Az® = b, 20 = 0, ATy? + s° = ¢, s” = 0. Then we have
an optimal solution (x, y, s) of SOCO and SOCD.

Jordan-algebraic techniques have proved to be very useful for the analysis of convex op-
timization problems over symmetric cones. See, e.g., [12, 13, 14, 15, 16, 21, 29, 32]. The
Euclidean Jordan algebra for the second order cone K7 is defined by a bilinear operator

.’IJ] © 8] = ((x])TS]7 .%'1]8]2:71]_ + Sl]xJQ:nj)Tv
where 27, s7 € R . Obviously, the Jordan product o is commutative, i.e., 2osl = sloal
for each j. But its associativity does not hold in general and the cone K is not closed under the
Jordan product. It is also easy to verify that for any 27, s/ € R™ one has 2/ 05’/ = mat(27)s’.
We define, mat(z) := diag(mat(z'), --- mat(z’V))andz0s := ((z'os")?,--- (zNo
sM)T)T' Then we have the following lemma which is well-known:

Lemma 1.1. [18] The following statements are equivalent:
x>k 0, s> 0and s =0;
(i) x =g 0, s =k 0 and mat(z)s = 0;
i)z =g 0, s =g 0and xos = 0.

Using Lemma 1.1, we can easily check that a pair of optimal solutions of SOCO and SOCD is
equivalent to solving the following Newton system:

Axr = b, =g 0,

Ay + 5 = ¢, s=K 0, (1.

ros = 0.
The basic idea of primal-dual IPMs is to replace the third equation in (1.1), the so-called
complementarity condition for SOCO and SOCD, by the parameterized equation x o s =
pé with g1 > 0, where ¢ = ((eHT,---,(EM)T € R*, & = (1,0,---,0)T € RY, j =
1,---, N. From the system (1.1) , we have the following parameterized system with positive
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parameter L
Ax = b, © >k 0,
ATy + s = ¢, sk 0, (1.2)
ros = ue, pu>0.
If both SOCO and SOCD satisfy IPC, then for each p > 0, the parameterized system (1.2)
has a unique solution (x(u), y(p), s(u)) (see [22], [33]), which is called a p-center of SOCO
and SOCD. The set of u-centers, that is, C = {(x(u), y(u), s(u)) | p > 0}, is said to be the
central path of SOCO and SOCD. The central path converges to the solution pair of SOCO and
SOCD as p reduces to zero ([5, 22, 30]).
In general, IPMs for the SOCO consist of two strategies: The first one, which is called the
inner iteration scheme, is to keep the iterative sequence in a certain neighborhood of the central
path or to keep the iterative sequence in a certain neighborhood of the y-center and the second

one is called the outer iteration scheme, is to decrease the parameter y to py := (1 — 6)p, for
some 6 € (0,1).

2. PROXIMITY FUNCTIONS AND SEARCH DIRECTIONS
For any 7 € R™J, for each j, we define eigenvalues for 27 in the sense of Jordan algebra;
Amax(27) = 217 + ol |, Amin(a?) = 2] — |, |-
The trace of 7 is defined by
Tr(xj) = )\max(xj) + )\min(xj)
and the determinant of 27 is given by
det(z7) = Amax(2?) Amin(27).

In fact, Amax (27) and Apin (27) are the maximal and minimal eigenvalues of the matrix mat(z7),

respectively, and every 7 = (7, @}, -+, a5,,)7 € R™ can be rewritten by the so-called
spectral decomposition([17]) in the sense of Jordan algebra:
J J
. 1 T, 1 Ty,
2 = Aax(27) (5, =T 4 Ain(27) (5, ——— )T
2 2”1.271]” 2 2Hw2:nj”
o e, 1 Ty T

Definition 2.1. [23] Suppose that v(t) is a function from R to R and 2/ € R™. Then the
function (x7) : R™ — R™ associated with the second-order cone K is defined as follows:

1

w(ﬁj) = Q(w(Amax(xj)) + w()‘min(xj))ﬂ Aw()\max(l’j), )‘miﬂ(xj))xg:nj)Tﬂ
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where A (ma(#7), Amin(a7)) = “O5 R CaielE) for all Aumax(7) # Ain (o) € R.

In the special case that x%n = 0, we denote
M

¥(2?) = (Y(Amax(27)), 0, ,0)T.

We can also define (27)P, by the above definition where p is any number in R and 27 € K7.
The following lemma about general functions associated with the second-order cone can be
easily obtained from Definition 2.1.

Lemma 2.2. [23] Suppose that the function i) : R"™ — R"™ is defined by Definition 2.1. Then
@) = 2 V2 Amax (@) + 0 Cmin(a9)),
Tr (¢($j)) = w()‘max(xjn + w(Amin(x]))a
det (¥(27)) = ¢¥(Amax(2’))¥(Amin(2?)) ~ for each j.

To establish the complexity of the algorithm, we need to know bounds for the derivatives

of certain proximity functions in suitable spaces. For SOCOQO, this requires us to discuss the
derivative of the function (27 (t)) where

Z(t) = (2I(t), - 2l ()T

) ’n,]

is a mapping from R into R™. Let us denote by (z7(¢))’ the derivative of z7 () with respect to

t: ) )
@ (@) = (@1 (t),--- (&, ()"

Now recalling Definition 2.1, we define

1 m2:nj (t) T / ; 1 x%:nj (t) T
2 o, @) OO G g el
2in; 2in;
Newton’s method is a well-known procedure to solve a system of nonlinear equations. Most
IPMs for solving SOCO employ different search directions together with suitable strategies for
following the central path appropriately. Without loss of generality we assume that (z(u), y(u),
s()) is known for some positive p. For example, due to the above assumption we may assume

this for u® = 1 with (20, s%). We then decrease j to iy := (1 — 6)u for some fixed 6 € (0, 1)

J

V(@ (1) == Y Omax(@” (1)) (

and linearize Newton system for (1.2) by replacing z, y, s with x4 = = + Az, y4 =
y+ Ay, sy := s+ As, respectively. Finally, we get the following matrix equation:
A 0 0 Ax 0
0 E, AT As | = 0 , x, 8=k 0. 2.1)
mat(s) mat(z) 0 Ay p4+€ — mat(zx)s

This system might not be well defined if its Jacobian matrix is singular. To obtain a Newton-
type system that has a unique solution, people usually refer to some scaling schemes. In what
follows we will introduce certain variants of such scaling schemes for SOCO and SOCD, as
first proposed and studied by Tsuchiya ([31, 32]). Now we are ready to give the definition of
a scaling matrix for second-order cones. The scaled vector based on the NT(Nesterov-Todd)
scaling scheme, which was given by Tushiya ([31, 32]), is as follows:
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Forany z, s =g O0Oandj = 1,2,--- | N,

uiWypa! up  (Wip) st
INT = SNT = : = : )
unWiza™ uy (W) s
where
Y <det(xj))—1/4 wa [ (wlémj).T o
J det(sﬂ) ’ NT w%:nj Enjfl + 1+w{w%:nj(w%:nj)
with w? = wj, wl, )NOT = Uy L4y Q) ,Qj = diag(1,—1,---,—1) as
(w1, (wan,)") V/Tr(ziosi)+2+/det(z7)det(s)) ( )
in [25].

To describe our new search direction, we need more notations. To distinguish the NT scaling
scheme from many other scaling schemes, we denote by
A = %A(UNTWNT)fl, v o= LUNTI/VNTQJ = ﬁ(UNTWNT)’ls,

Vi i
ds = WUNTWNTAJU, ds = W(UNTWNT)AAS’

where Wyt = diag(WZ{,T, e ,W]]VVT), Unr := diag(uiEp,, -+ ,unEny), ui,---,
uy > 0. Obviously v > 0. The equations (2.1) imply that the NT search direction for SOCO
is defined as the unique solution of the system:

Ad, = 0,

ATAy + dy = 0, (2.2)

dy + dy = v —w.

We can say that dL'd; = 0, which is coming from the first and second equations of (2.2) or
from the orthogonality of Az and As.
For our IPM, we use the following kernel function ([2, 3, 11]):
£2 -1 ewl_

1
W) = —5— + for t >0, ¢ > 1. (2.3)
q

Then, we have
—q_ _
Y(t) = t— S, W(1) = 14 @REFa-1 5
W) = — (PP 43+ )P+ (g D)(g+ 2t e T <0 (24)

and () — ' (t) = (g +2)t7 T+ gt 27 e "7 > 0. (2.5)

Furthermore, the kernel function (2.3) satisfies

lim ¢(t) = lim ¢(t) = oc.
t—0t t—o00
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Note that 1)(1) = ¢'(1) = 0. Then () is determined as follows:
0= [ [T
Forv = (v, - ,v"V) € R", we define:

Y() = ()T, WEV)T, () = Te(w(?)) = » Amax(v)) +9 (Amin (7)),
and the proximity function(measure) for SOCO and SOCD is

N .
O(z,s51) = U(v) = Z\Il(vj).

Replacing the right hand side of last equation in (2.2) by the kernel function 1), we have the
following system from (2.2):
Ad, = 0,

ATAy + d, = 0, (2.6)
de + ds = —9¢'(v).
Let us denote that
0% = Tr (Y (v) 09 (v)) = 2(¢' ()" (¥ () = 2|¢' (V)I* = 2(llda||* + [1ds]®).
Thus o = v/2||¢(v)]|, and hence by Lemma 2.2 or the definition of o2,

3 (O 4 Y Crn@)).

j=1
Since W (v) is strictly convex and minimal at v = €, we have
U(e)=o(é) =0.
The following proposition gives a lower bound of ¢ in terms of ¥ (v).
Proposition 2.3. Foranyv € K,
o 2 +/2¥(v).
Proof. Since ¢ (t) > 1,

//w” d<d§<//w” W'(C)dCdE = fzp’( )2, t>0.

Proposition 2.4. Let ¢ : [0,00) — [1,00) be the inverse function of 1 (t) := sy, fort 2 1.

Then
0(5y) S 14 /2sy.

O
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Proof. Since ¢ (t) > 1,
toré t r€ 1
— " > — (f_ 2
vy = [ [wracasz [ [ acas= G-

Our kernel function holds the following lemma which is found in [24].
Lemma 2.5. Lett1 > 0andty > 0. Then
Y(tt,7") S () + (L-r)y(ts),  Vrelo, 1.
3. ALGORITHM AND ITS COMPLEXITY ANALYSIS

Now we explain our algorithm for the large-update primal-dual IPM for the SOCO. Assum-
ing that a starting point in a certain neighborhood of the central path is available, we can set out
from this point. Actually, by using the so-called self-dual embedding model, one can further
get the point exactly on the central path corresponding to ¢+ = 1 as an initial point ([19, 25, 33]).
Then, we will go to the outer “while loop”. If u satisfies Ny = e, then it is reduced by the
factor 1 — 6, where § € (0, 1). Then, we make use of inner “while loop”, and we repeat the
procedure until we find iterates that are “close” to (x(u),y(u), s(u)), that is, the proximity
®(x,s;u) < 7. Here, we apply Newton’s method targeting at the new p-centers to decide a
search direction (Az, Ay, As). We return to the outer “while loop”. The whole process is
repeated until x is small enough, say until Ny < e.

The choice of the step size « is another crucial issue in the analysis of the algorithm. It
has to be taken such that the closeness of the iterates to the current u-center improves by a
sufficient amount. In the algorithm, the inner “while loop” is called the inner iteration and
the outer “while loop” is called the outer iteration. Each outer iteration consists of an update
of parameter y and a sequence of (one or more) inner iterations. The total number of inner
iterations is the worst-case iteration bound for our algorithm.

The algorithm for our large-update primal-dual IPM for the SOCO is given as follows:

Primal-Dual Algorithm for SOCO
Inputs
A proximity parameter 7 > 1;
an accuracy parameter ¢ > 0;
a variable damping factor «;
a fixed barrier update parameter 6 € (0,1)
(29, %) and p° = 1 such that ®(2°, s%; 1i°
begin
z =20 s:= s o= /1,0;
while Nu = e do
begin
pe=(1—=0)u;
while ®(z, s; 1) = 7 do

;
)<
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begin
Solve the system (2.6) for Az, Ay, As;
Determine a step size a;

T =z + aAuz;
Y=y + aly;
s:= s+ aAs;
end
end

end

3.1. Bound of the proximity function after the y-update. We have ¥(v) < 7 before the
update of p with the factor 1 — 6, at the start of each outer iteration. After updating x in
an outer iteration, the vector v is divided by the factor /1 — @, which in general leads to an
increase of the value of W(v). Then during the inner iteration, the value of W(v) decreases
until it passes the threshold 7. We will show in the following lemma that an upper bound for

U( 11_91)) is expressed with ¥ (v).

Lemma 3.1. Let 0 be such that 0 < 0 < 1. Then, forany v € K,

0 v
Bl < 2(g+1) (0VN +/T(0) )

2
1—-60 "~ 1-0 .

Proof. Our proof follows the method of Theorem 3.2 in [4]. For \/11?9 > 1, we consider the

following maximization problem:

maxv{\I/(\/mv) :U(v) = 2},
where z is any nonnegative number. Then there exist v such that
1 / 1 , . .
Amax 7)) = />\max J ’ :]-7"'7N 3.1
T g (07)) = 0 O (), G0
and ) )

! Amin (7)) = ut) (Amin (07 , j=1,---,N. 3.2
T (g (@)) = ! i), (2
Since \/11_761/1"(\/11?9) = uy)/(1) = 0, we do not have A\pax(v?) = 1 and Apin(v7) = 1 for

each j. Let 2/nax be such that 1) (Amax(v7)) = 2hax and let 2/ . be such that 1(Amin(v7)) =
z! . for each j. Then these equations have two solutions for each j, respectively, which are
(Amax(v7))1 < 1 < Amax(v7))2, Amin(v7))1 < 1 < (Amin(v7))2 for each j. So, by Lemma

3.1 of [4], we have ) ((Amax(v7))1) < ¥((Amax(v7))2) and ¢ (Amin (v7))1) £ Y((Amin(v?))2)
for each j. For maximizing \I'(ﬁv), we will take (Amax(v7))2 > 1 and (Amin(v7))2 > 1 for
each j. Then (3.1) and (3.2) imply

ﬁd}’(ﬁ)\max(i}])) > 0, 1/1/()\max(vj)) >0andu >0, j=1,---,N and
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ﬁW(ﬁ)\maX(W)) >0, ¥'(Amax(v?)) >0andu >0, j=1,---,N, respectively.

We can define g as follows:

Y’ (vi)
g(vi) = W' (Bu;)’
where v;, i = 1,---,2N, is an eigenvalue of v/ greater than 1. and 3 = \/11_79 > 1. From
(3.1) and (3.2), g(v;) = % for all 7. The function g has
oy ()Y (Bui) — BY (vi) " (Bus)
g (vi) = 2 .
(¥ (Bvi))
Let f(8) = ¥" (v)Y' (Bv;) — B! (v;)" (Bv;). By (2.4) and (2.5), we can implies that
F(8) > 0. (3.3)
Then, by f(1) =0,
f(B) >0 for 5 >1. (3.4)
We can say that, by (3.3) and (3.4),
g (v;) > 0.

Thus g(v;) is strictly monotonically increasing. Hence, there exist unique v; for each 4, such

that g(v;) = % It follows that
t:= Amax(®1) = Amin (@) = -+ = Amax (0Y) = Amin(0) > 1.
Hence, z = ¥U(v) = 2N (t). This implies
B z ¥(v)
So,
1 1 U(v)
G < 2N )
(=50 < 2N o5 )
where 55) > 1, —L > 1. Since ¢(t) < $¢"(1)(¢ — 1)%, = 1 (Lemma 2.6 in [4]),
1 1 1 W (v) 2
1\ < 2N-y"(1 -1) .
"= 21”()(\/@@( o) >

Since ¢"(1) = 2q + 2, it follows from Proposition 2.4 that

o 1>2 _ 2+ 1) (0VF + VT)

N - 1-4 ’

v

LG
( 1-0

(1+

where the last inequality follows from 1 — /1 — 60 < 6. O
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By the assumption W(v) < 7 just before the update of 1,

U( 1v_0)§ 2(q+1)(ff§+ﬁ)2.
We define |
L(]\f7 0, 7_) _ 2(@1"‘1)(19\_/?_}_ \/7_) |
Since 7 = O(N) and § = (1),
L =O(N).

3.2. Determining a default step size. In this section, we compute the feasible step size a such
that the proximity function is decreasing and is bound for the decrease during inner iterations;
then give our default step size &; & = (1 + 30(2¢ + 1)(1 + log 30)(‘”1)/‘1)71 . We will show
that the step size not only to keeps the iterates feasible but also to gives rise to a sufficiently
large decrease of the barrier function ¥ (v) in each inner iteration. Let us denote the difference
between the proximity before and after one step by a function of the step size, that is,

g(a) = U(vy) — W(v).
The main task in the rest of this section is to study the decreasing behavior of g(«). Since v
is the scaled vector resulting from the NT scaling, which is the scheme to transform the primal
and dual vectors,  + aAx and s + aAs, to the same vector, from Proposition 6.3.3 in [25],
we can get the following: forall j =1, ---, N, ‘ . ‘
det((v))?) = det(v’ + ad})det(v? + adl) Tr((v))?) = Tr((v? + adh) o (v + adl)).
Using the above two equalities and following the proof techniques in Proposition 6.2.9 in [25],
we can prove that there exist v1, 72 € (0,1), 71 + 72 = 1 such that
Amin(vi_)
= )\mir_l’yl/z (Uj + Old%))\min’ﬂ/2 (Uj + Old’;))\max’YQ/2 (Uj + Oldbyﬁ))\max’yz/2 (Uj + Ozd‘;),
Amax (V) , , . ,
= )\min’m/2 (Uj + Old%))\m‘inw/2 (U‘j + Oldjs))\max’yl/2 (vj + adgﬁ>)\ma>‘(yl/2 (U‘j + Oédjs)
Thus, since )\minl/Q(vj + adjx)/\minl/Q(vj +adl) > 0, Apin (v + ad?) > 0 and Ay (v7 +
ad}) > 0, from Lemma 2.5, we can induce the following:
1
U(vy) = 5(\11(1) + ady) + V(v + ady)).
So, we have

1
gla) £ gi(a) = 5(\11(11 +ady) + Y(v+ ads)) — ¥(v).
Taking the derivative to o, we get
1
gll(a) = §TI‘(1/}/(U + adx) ° da: + T;Z),('U + ads) © ds)'

This gives ¢1'(0) = —%2 by using the equality d, + ds = —¢'(v).
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The next result presents an upper bound for the second derivative of g;(a), which is usable
for establishing the polynomial complexity of the algorithm which is different from the result
of Lemma 6.4.3 in [25] for self-regular proximity functions. To facilitate the forthcoming
analysis, we also define

Amin(v) == min{A\pin(v?/) : j=1,---,N}.
Proposition 3.2. Suppose that the kernel function is defined by (2.3) . Then

o2

91" () ?@D”()\min(v) —ao). (3.5)
Proof. Following proofs in the Lemma 6.4.3 and Lemma 6.2.10 in [25], we can prove that
d |1
gl (a) = T [QTr (1//(1) +ady) od; + ¢ (v + ads) o ds)} .

(Uj +adi)2:nj

Since ¢/'(v7 + ad}) = ¥ max (V! + adl)) (%, 2H(UJ+adj)2|) ¢ (Amin (07 + ad?))
T 77/]

1 (Uj‘f‘ad]z.)Q:nj . j J j ] j _] j

bR —m with )\max(v +Oédz) = (’U +Oédz)1 + | ‘ (U +ad$)2;nj || and )\min(v +

ady) = (v +ad))1 — || (v + ad)2:n, ||, we can calculate that, by Cauchy-Schwarz inequality,
d . o

L0 o)

((’UJ + ad‘;})QTLJ (d‘;‘)QHJ)

(07 + ad} ), |

= S O+ ad) [ (@ +

, o 2
<<U] + Oldgc)Q:nj (dgc)QnJ)

(07 + ) e, |
V' max (07 + ad?)) = ¢ Onin (07 + )
20|(v7 + add)n, |
. . T . 2
H(UJ + ad]%)Q:nj ‘ ’2

50 a0 + ) | ()1 —

()2, || —

= CAT

— (i tudd o)), ¥ Cmasx (v +adh)) —t min (07 +ad}))
where @y := I}lg}({l/}”()\mm(vj—kadx)),1/1”()\max(v7+adx)), 2N orrodyom | }.

Similarly,

d 4 o 4
@w’w +ad]) & < @sl|(d])] 1%,
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where @3 = max (" (Amin(v/+ad5)), 1" Ao (7 +ac))), & QoL tod ) Qe L))
jeT 2[| (v +ad)aun, ||

These imply that
N
a) = Z (@1 || d]1? + w2 | d|%).

By the Mean value Theorem, there are CJ € Mmax(v? + adh), Muin (v7 + ad’, )] and

), _
e [Amax (v7 + ozdg), Amin (v7 + adg)] satisfing wﬂ(d) v (Amax(v ;ﬂ?d;l) dlap;(/\miﬁ(vuadé))
v Q 2:nj

10y — ¥ Omax(v7 +ad])— ' Omin (v +add))
and ¢ (CS) - 2|\(vﬂ+ad§)2n]”

find a lower bound for )‘min(?}j + ad?;) and Apin (v7 + adg) so that we can get a upper bound
for "I, (@1 |d4 |2 + coa||d%)|%). For any fixed j,

, respectively. Since ¢”(+) is decreasing, we

)\min(vj + adi) 2 Amin(v) — ao and )\min(vj + ozdé) 2 Amin(v) — ao.

We can claim that the right-hand side of above two inequalities make a maximum value of
Y"(-). Therefore,

o2
= —9¢"(Amin(v) — a0).

N
< D¢ Omin(v) —ao)(|d]* + [|)*) = 5
j=1

Since g1(0) = 0 and ¢} (0) = =%, by (3.5),
a ré
4(0) < g1(0) == 1(0) + 1" ()a + / / g (C)dCde

§ 92(04) = g1 (0 +gl Oé+/ / mm ) - CU)dCdf

Note that g2(0) = 0. Furthermore, s1nce g5(0) = g1 (0) = —7, gh(a) = —%24—%(1# (Amin (v))

—'(A mm( )—ao)) and g5 (a) = W’( min (V) —ao) which is increasing on «v € [0, 7"“;(”))
Using ¢/ () < g4 (), we can easﬂy check that

d(a) = g,(0) + /0 " g(6)de < gh(a).

This relation gives that

g1(a) 20, if gy(a) 0.
To compute the feasible step size « such that the proximity measure is decreasing when we take
a new iterate for fixed p, we want to calculate the step size o which satisfies that g5(a) < 0
holds with « as large as possible. Since gy () > 0, that is, g5(c) is monotonically increasing
at a, the largest possible value at « satisfying g5(a) < 0 occurs when g5 () = 0, that is,

_¢( min(v) — ao) + 77/}( min(V)) = 0. (3.6)
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Since " (t) is monotonically decreasing, the derivative of the left hand-side in (3.6) with re-
spect to Amin (V) is

—" (Amin(v) — ao) + " (Amin(v)) < 0.
So, the left-hand side in (3.6) is decreasing at Ayin (v). This implies that if Ay, (v) gets smaller,
then « gets smaller with fixed o. Note that

N

o= [ D (@ Amax(v9)))? + (' Amin (0)))?) Z [ Anin ()] Z =8 Armin (v)).

Jj=1

Hence, the worse situation for the largest step size occurs when A\, (v*) satisfies

' (Amin(v¥)) = 0. (3.7)
So, we can find out v* such that v* = ((v*)!, (v*)2,---, (v)™)T = ((eHYT, ()T, ---,
v* j. ) v* jn
. (%’ ( )QJ:’ﬂj )T 4 Amin(v*)(%, . ( )2] J )T7 . 7(é]\f)T)T7 0< )\min(v*) é 1.
201(0*)2, I 200"z, I

In that case, the largest « (i.e., ax) satisfying (3.6) is minimal. For our purpose, we need to
deal with the worse case and so we assume that (3.7) holds.
Let p : [0,00) — (0, 1] denote the inverse function of the restriction of —¢’(¢) in the interval
(0, 1]. Then (3.7) implies
Amin(v*) = p(U) (3.3)

By using (3.6) and (3.7), we immediately obtain
—' Amin (v*) — o) = 20.
By the definition of p and (3.8), the largest step size « of the worse case is given as follows:

o — M. (3.9)

o
For the purpose of finding an upper bound of g(«), we need a default step size & that is the
lower bound of the a* and consists of ¢.
Lemma 3.3. Let p : [0,00) — (0, 1] be the inverse function of the restriction of —'(t) in the
interval (0, 1] and o* be as defined in (3.9). Then

1

at = .
= FES)
14+30(2¢g+1)(1+log3c) «
Proof. Since —/(p(0)) = o, taking the derivative of o at both sides, we get
1
/
o ——
Y (p(0))
Moreover, we have,
1

«_ 4 7 ’ i f 20 _
o= [z Ll sl = Gy
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where the inequality follows from o < ¢ < 20 and p and " are monotonically decreas-
ingFrom ¢/(t) =t — et "~1 . t797 L let —y}(t) = €' "1 -t "9 landlet p : [1,00) — (0,1]
denote the inverse function of the restriction of —; (¢) to the interval (0, 1.

Letp(20) = t. Then0 < ¢ < 1and 20 = —¢/(t) = —t—1}(f). So, =9} (f) = t4+20 < 1420.
Since p is decreasing, p(—1}(t)) = p(1 + 20) and hence we have,

p(20) 2 p(1 + 20). (3.10)

Let p(1420) = £. Then 1420 = —4f} (f) = eI+20) ™ =1 (p(1425)) =071 ele(1H+20)) 701 —
(14 20)(p(1+20))7" < 14 20 < 30. So, (p(1 +20))"7 — 1 < log 30 and hence we have

p(1+20) > (1+log30) 4. (3.11)

From (3.10), we have
1 1

= > —.
P"(p(20)) = " (t)

From (3.11), we have

W(t) =

i—9-1 ;—qg—1 j—q—

(

( UAG)

(q+ Dt +q)(1 4+ 20)t
(¢+1)-14¢)(1+20)(p(1420))" """

q+1

0(2¢+1)(1+1log30) < .

—q—1

Therefore,

1 1
V() T 14 30(2¢ + 1)(1 + log30) T

Define
(3.12)

1
g+l

14+30(2¢g+1)(1+1log30) «
We will use & as the default step size in the algorithm.

3.3. Decrease of the proximity function during an inner iteration. Now we show that our
proximity function ¥ with our default step size & decreasing. It can be easily established by
using the following result:

Lemma 3.4. [24] Let h(t) be a twice differentiable convex function with h(0) = 0, h'(0) <0
and let h(t) attain its (global) minimum at t* > 0. If b (t) is increasing for t € [0, t*], then

th'(0)

A(t) S ==, 0StS ¢t
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Since g2 («) satisfies the conditions of the above Lemma,

/
0
g(a) € g1(a) £ ga(@) < 922()a forall 0 < a < o
Since ¢5(0) = —%2, we can obtain the upper bound for the decreasing value of the proximity
in the inner iteration by the lemma;
Theorem 3.5. Let & be a step size as defined in (3.12) and o 2 1. Then we have
U3
2+ 6v2(2g + 1) (1 + log 3v/2y/Ty)
Proof. Since g} (0) = ¢4(0) = —%2 and & € [0, o*], we have
2 1 0.2
-1 -
14+30(2g+1)(1+1log30) «

This expresses the decease in one inner iteration in terms of o. Since the decrease depends
monotonically on o, we can express the decrease in terms of ¥ = W(v) by Proposition 2.3 as
follows:

A

g(@) (3.13)

g+l -*
q

1 7
g(a) = 1 a1
1+ 3v20(2¢ + 1) (1 +log 3\/2\1/) ‘
< _Z. \IJ%
= 2 &17
1+3v2(2q+ 1) (1 +1og3v2y/Tg) *

where the second inequality follows from Wy = W = 7 > 1. This result holds the theorem. [

3.4. Iteration bound. We need to count how many inner iterations are required to return to
the situation where ¥(v) < 7 after a u-update. We denote the value of W(v) after u-update
as Wy; the subsequent values in the same outer iteration are denoted as Wy, k=1,--- . If K
denotes the total number of inner iterations in the outer iteration, we then have

) gL:O(N), U 1>, 0§\I’K§T
and according to (3.13),

1 1
Wppr S Uy — v

g+l
2+ 6v2(2g + 1) (1 + log 3v/2\/Tyg) *

At this stage we invoke the following lemma from Lemma 14 in [24] without proof.

Lemma 3.6. [24] Let tg, t1,--- ,tx be a sequence of positive numbers such that

lkt1 étk_ﬂtllg_’yv k=0,1,--- K —1,
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where 3> 0and 0 < v < 1. Then

t’Y
K<Y.
T By
Letting ty, = Vg, B = ! =T and v = %, we can get the following
2+6v/2(2¢+1)(1+log 3v2v/Tg) ¢
lemma from Lemma 3.6.

Lemma 3.7. Let K be the total number of inner iterations in the outer iteration. Then we have
q+1
K<2 (2 +6v2(2¢ + 1) (1 + 10g3\@x/@0> a ) w2

where U is the value of U (v) after the p—update in outer iteration.
Now we estimate the total number of iterations of our algorithm.

Theorem 3.8. If 7 = 1, the total number of iterations is not more than

q+1
q

{2 <2 +6v2(2g + 1) (1 +log 3\@\/\170) ) \Ifé/ﬂ % log g .

Proof. In the algorithm, N > €, py, := (1 — 0)*ug and po = 1. By simple computation, we
have,

Therefore, the number of outer iterations is bounded above by

N

1
—log —.
GOge

Multiplication of this result by the number in the above lemma holds the theorem. U

Since \I/(l)/ 2= O(VN), the upper bound for the total number of inner iterations in the outer

iteration is
1
O(gVN(log N)0).

Also, we take for ¢ a constant (not depending on V), namely 3 = ©(1). With 7 = O(N), the
new complexity of the primal-dual interior-point method for second-order cone optimization
problem based on a new proximity function is given by

O(q\/ﬁ(logN)$ log N).

€
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