J. KSIAM Vol.14, No.2, 113-124, 2010
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ABSTRACT. We consider matrix polynomial which has the form
Pi(X)=A X"+ A X" 4 4 A, =0

where X and A; are n X n matrices with real elements. In this paper, we propose an iterative
method for the symmetric and generalized centro-symmetric solution to the Newton step for
solving the equation P; (X ). Then we show that a symmetric and generalized centro-symmetric
solvent of the matrix polynomial can be obtained by our Newton’s method. Finally, we give
some numerical experiments that confirm the theoretical results.

1. INTRODUCTION

One of the most well-known and studied nonlinear matrix equation is the matrix polynomial
which can be defined by

Pi(X)=A X"+ A X" 4. 44, =0, A;, X € R, (1.1)
If the leading coefficient Ay is the n x n identity matrix, which has the form
P(X)=X"+ A X™ 4. 1A, =0, (1.2)

is called to be monic. Matrix polynomials appear in the theories of differential equations,
system, network, stochastic and other areas [1, 2, 3,9, 15, 14].

For solving the matrix polynomial (1.1) Newton’s method and Berlloulli’s iteration were
considered by Kratz and Stickel [13], and Dennis, Jr., Traub and Weber [7, 8], respectively.
Seo and Kim [19] incorporated the exact line searches into Newton’s method which reduced
the number of iterations for convergence and improved approaches to solve each Newton step.

However Newton’s method has still a couple of weak points for solving the equation P; (X).

e It can not limit properties of solvents which converge.
e It well works when only the Fréchet derivative is nonsingular.
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Our interesting problem is how to guarantee the convergence for a particular starting matrix
even if the Fréchet derivative is singular. There are a few investigations on the matrix poly-
nomial for this topic except the problems for finding the dominant, minimal [7, 8, 10] and
elementary minimal positive solvents [12] of the equation (1.1) and the quadratic matrix equa-
tion

Q(X)=AX*+BX +C =0.
However, the linear matrix equation

AXB=C

has been discussed extensively with some special solutions, such as, Chu [11], Dai [4] and Peng
[20] with the symmetric solution; Liang [16, 17] with the (R,S)-symmetric and generalized
centro-symmetric solutions. Dehghan [6] proposed iterative algorithms to find the reflexive
and anti-reflexive solutions of the matrix equation

A1 X1B1 + A3 X5By = C.

In this work, we apply their ideas to find the matrix polynomial (1.1) for a symmetric and gen-
eralized centro-symmetric solvent although the Fréchet derivative is singular. The definitions
of a symmetric and generalized centro-symmetric matrix as follows.

Definition 1.1. [17] For arbitrary given symmetric orthogonal matrix P € R™"*™, i.e., P =
PT = P~! we say that matrix A € R™ " is a generalized centro-symmetric(GCS) matrix with
respect to the symmetric orthogonal matrix P if A = PAP. Especially, when A is symmetric,
we call A is an symmetric and generalized centro-symmetric(SGCS) matrix.

We review Newton’s method for solving the matrix polynomial (1.1) in the next section. In
the Section 3, an iterative method for an SGCS solution to the Newton step is introduced. Then
the convergence results for our Newton’s method will be considered. Finally, some numerical
experiments are given.

2. NEWTON’S METHOD

Newton’s method for solving the matrix polynomial (1.1) can be obtained from the expan-
sion
Pi(X +H) = P(X)+ X0, (S A,Xm0+0) X 4 0(H?)
= Pi(X) + Dx(H) + O(H?),
where Dx (H) is the Fréchet derivative of P; at X in the direction H as the solution of the
linear equation P;(X) + Dx(H) = 0. Thus, the Newton iteration has the form

Z?;l [(ET:_QZ AJX"T_(J'FZ)) Hlei_l] = —Pl(Xk)a where k = 07 17 .
Xpt1 = Xy + Hy,

For solving the matrix polynomial (1.1) by Newton’s method it is necessary to find the
solution of the linear equation

S (S Apxm040) X = —Pi(X), @
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which is called the Newton step. To solve the Newton step (2.1), Kratz and Stickel [13] con-
sidered the Schur algorithm. For a given X, compute the Schur decomposition of X

W*XW =U, (2.2)

where W is a unitary and U is an upper triangular matrices. Then, substituting (2.2) into (2.1)
transforms the system to

Z;‘Zl (Zj:Bi Aij—(j-H)) H/Ui—l - F (23)

where H' = HW and F = —P;(X)W. Then, taking the vec function both sides of (2.3)
makes a linear system such that

Fvec(H') = vec(F) (2.4)

where the matrix F € C"**"* s given by
F=yp, (7)™ o (X5 4Xm0+0)). 25)

Seo and Kim [19] defined Fj; = Y7, (U (Z;”:_O’ Aij_(j”)) to reduce the sys-

tem size of the equation (2.4) to n X n, then Fin (2.5) is represented by

Fi 0
~ Fy Fy
e (2.6)

Since F is a block lower triangular matrix, if the matrices f‘m are nonsingular, the equation
(2.4) can be changed to n linear systems with size n. x n such that

—

hy =Fu fi

W, = Fy (fs— Pl
5 =TIy (f2— Fahy)

P

: o -
h! :an (fn_Fnlhll_"'_Fn,n—lh%_l)a

n

where 1 and f; are the ith columns of H’ and F, respectively.
In the Fréchet derivative is nonsingular case, the Kantorovich theorem gives information on
the convergence of Newton’s method for solving matrix polynomial (1.1) [5].

Theorem 2.1 (Kantorovich). If there exists K such that
|Dx — Dy|| < K| X —-Y]|, forall X,Y € R™*"

in some closed ball U (X, r) and hg = BynoK < % with HD;&H < By and || X1 — Xol| < no,
then the Newton sequence starting from X will converge to a solvent S of P (X ) which exists
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in U(Xo, r), provided that
1—T=2hg

r>rg=————n.
2 T0 ho 70
However, the Theorem 2.1 can not effect a settlement for the weak points of Newton’s
method.

3. AN ITERATIVE METHOD FOR SOLVING THE EQUATION (2.1)

In this section, we introduce an iterative method to find the SGCS solution of the Newton
step (2.1) which do not depend on the singularity of the Fréchet derivative. Then consider the
convergence of our Newton’s method for solving the matrix polynomial (1.1). Throughout this
paper, || - || denotes the Euclidean norm of the matrix.

The following algorithm is the process for finding an SGCS solution of the gth Newton step
2.1).

Algorithm 3.1. Given matrices Ag, A1, - -+ , Ay € R™*™ and the symmetric orthogonal matrix
P € R"*™. An SGCS matrix X, € R™*™ with respect to the symmetric orthogonal matrix P is
given. Choose an SGCS matrix Hg,.

F=0;  Ro=—Pi(X,)~ | X0, (X7 A (X)™0+9) Hyp (X))
Vo= 3o (S A (X ™00) | Ro((X,))T
Qo = 4[(Yo +Yi") + P(Yo + V"))

= Rl
0= Qo]
while R, # 0
= IRl
k= Qul?

Hgyy = Hyy + 03Qp

8, = A
TR

, N\ T }
Vi1 =200 (ZT:_OZ Aj(Xq)mi(]ﬂ)) R ((Xg)™H"

Qrr1 = 1 (Ve + Y1) + P(Vayr + V) Pl + BrQx
If Qx+1 = 0 and R4 # 0, break

end

In Algorithm 3.1, the matrices H,, and ()} are the SGCS matrices. This iterative method
shows that if R; = 0, then it is terminated. And it implies that, if the matrix 0 = 0 but
Ry # 0 for some integer number k, then the equation (2.1) has no SGCS solution. From
Algorithm 3.1, we obtain the following basic properties.
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Lemma 3.2. For the sequences {Y}},{Qx} and {Ry} with k = 0,1,--- are generated by
Algorithm 3.1, we have that

1 1
tr (Vi1 Q) = oTktr (Ris1Ri) — ;k|’Rk+1\|2~

Proof. From Algorithm 3.1, we obtain
T m m—i m—(j+1) T i—1\ T T
tr (V1 Q) =trd |20, (Zj:(} Aj(Xq) ) Rpq1 (X)) Qrk

= tr [RE, (S0 S 45X 004 x,) )]
= Rkﬁlé(Rk — Ryy1)
= a (B Re) — ool Rea .
O

Lemma 3.3. Suppose that the qth Newton step (2.1) is consistent and H is an SGCS solution.
Then for the starting SGCS matrix Hy,, the sequences {Hg, },{ Ry} and {Qy} are generated
by Algorithm 3.1, we have

tr[(Hy — Hg,) Qi) = |Rel>  for k=0,1,--- ,n*—1. 3.1)

Proof. We prove the result (3.1) by the principle induction.
Step 1. When k = 0, from Algorithm 3.1

tr [(Hq - qu)TQO] =tr [Qg(Hq — qu)] = tr [YOT(Hq - qu)]
=t {RY | =PU(Xg) = S (7 A (X0 ) (X))
= tr(R{ Ry)
= || Roll*.

Step 2. Suppose that the statement (3.1) holds for k = n? — 2, then when k = n? — 1, we have
that

tr {<Hq —Hy, )TQu2y

=tr|V,L [(Hy— Hy, )| + Bz otr [Qg2_2(Hq _ an2,1)}

=t Ry {*Pl(Xq) — it ( o Aj(Xq)m—(j+i)> anQ,l(Xq)i_l]}
+Bn2_otr [QELQ(HQ - Hq,,,z_Q)} — Bp2_o0u2_otr (QEL;QQHQ_Q

=tr (RT Rn2_1>

n2—1

= || Ry [
Hence from Step 1 and 2, tr [(H, — Hy, )" Qk] = || Ry||? holds for all k = 0,1, ,n? —
1. ]

Lemma 3.3 implies that if there is a positive integer number [ such that Q; # 0 but R; = 0,
then the gth Newton step (2.1) is inconsistent.
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Lemma 3.4. Assume that the sequences {R;},{Q;} with i = 0,1,2,--- are generated by
Algorithm 3.1, i.e., there exists a positive integer number t > 1 such that R; # 0 for all
1=0,1,2,--- ,t, then

tr (RIR;) =0 and tr(Q]Q;)=0 for i>j=0,1---t. (3.2)

Proof. We prove the statement by principle induction.
Step 1. When ¢t = 1, from Algorithm 3.1 and Lemma 3.2 we have

r(mf o) = e [Ro— oo (S0, St )9G5 )] o
— t2(RY Ro) — aptr [(zz; S (X)X RO]

m m— m— T — T
= P - et {QF [ (St Ay =6+0) R (x|}
= || Ro|l* — aotr(Qg Yo)
=0
and
tr (Qf Qo) = tr (Y;TQo) + Bol|Qoll?
= st (B Ro) — 55 [1R1® + Boll Qol®
=0.
Step 2. Suppose that (3.2) holds when ¢ = s, i.e., tr (RSTRj) = (0 and tr (QSTQj) = 0 hold
forj =0,1,--- ,s5s — 1. Then when t = s + 1, we obtain

tr (ReBs) = tr { [RS s (ZZL iy Az(XqW‘(”’“)QS(Xq)k—l)} ! Rs}

g2 = {QF [, (S )=o) v (06| |

[Rs]|* — astr (Q]Ys)

= ”RsH2 - asHQsH2 + asfBs—1tr (QSTQS—I)
=0

and
tr (QST-HQS) =tr thgTHQs) + Bstr (QSTQS)
= —a: B + B5[1Qs 12
=0.
Furthermore, for j =0,1,--- ,s — 1

tr (RT,R;) =tr { [Rot 0, (S S (X0, (x,1)] R]}

= (R R,) +awtr {QF | i (25" 4™ 09) ()7 |

= a,tr (Q1'Y;) = astr [QT(Q) — B-1Q51)]
= atr (QZQ]) — asfj1tr (Qg@j—l)
=0
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and
tr(Q11Q5) = tr (V.11Q)) + Bstr (QJ Q)
k — _
= tr Rs+1 (Zk:l erio Al(Xq)m (l+k)Qj(Xq)k 1)]
== aijtr [Rg+1(Rj — Rj_|_1)] =0.
Thus the conclusion (3.2) holds forall: > j =0,1,--- ,¢. O
If there exists a positive number k such that R; # 0 forall¢ = 0,1,--- , k in Algorithm 3.1,

then the matrices R; and RR; are orthogonal for ¢ # j by Lemma 3.4.

Theorem 3.5. When the qth Newton step (2.1) is consistent, then for any SGCS starting matrix
Hy,, an SGCS solution can be obtained within n? iterative steps.

Proof. Assume that there exists a positive integer number n? — 1 such that R; # 0 for all
i=0,1,--- ,n? — 1. Then from Lemma 3.4, tr (R R;) =0fori > j=0,1,--- ,n® — 1.

Since the gth Newton step (2.1) has an SGCS solution, Q; # 0 forall i = 0,1,--- ,n?> — 1 by
Lemma 3.2. Therefore, Algorithm 3.1 generates H, , and R,2 which satisfy that tr (R, Rj) =
0, where j = 0,1,--- ,n? — 1. Thus R,,2 is comprised in an orthogonal basis {Rg, Ry, -,
R,2_;} of matrix space R"*". It implies that R,,> = 0, so Hgy , is a solution of the equation
(2.1). From Algorithm 3.1, we know that H, , is SGCS for the SGCS starting matrix Hy,. [

The following theorem is the existence theory of solvent. It gives the idea to solve the first
weak point of Newton’s method for solving the equation (1.1).

Theorem 3.6. Suppose the matrix polynomial (1.2) satisfies assumptions of Theorem 2.1 for a
GCS matrix Xq. If the coefficients of the monic matrix polynomial (1.2) are all GCS matrices,
then the Newton sequence starting from X will converge to a GCS solvent S.

Proof. From Kantorovich theorem 2.1, a solvent .S’ of the monic matrix polynomial (1.2) can
be obtained. Now we will show that S is a GCS matrix.
Since Dy, is nonsingular for the GCS starting matrix Xy, there exists H € R™*" satisfying

S (Xo)™ H (Xo) ™t + 300 (Zm 1A (Xo)m ‘(j“)) H(Xo)'™! (3.3)
= —Py(Xo) = —(Xo)™ = 27y Aj(Xo)™ .

Furthermore X and A; are GCS matrices forall j = 1,2, --- ,m, with respect to the symmet-

ric orthogonal matrix
- Ir 0 T
P=U [O —In—r] v+, 34

where U = (Uy, Us) is an orthogonal matrix and U; € R™*" U, € R™¥("=7) ' Therefore we
can express Xg and A; by

Xt O T 141 0 T
XO_U[O XOJU, A]_U[O ke
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where X1, Aj1 € R, Xo4, Ajs € R=)x(n=7) and U, U7 are as in (3.4), see [6]. Thus the

equation (3.3) can rewrite as

m—(j+i) i—1
YDHID Sl {A AO.J UTU [X‘” 0 ] UTHU [X‘” 0 ] UT

y 0 Xoa| ) 0 X
m Xoo 01" ¢ Xoo 017 p
+Zi:1U[ 0 XO4:| U HU[ 0 X04] U |
X 01" e A 0] [ X 01 g
U|: 0 X04] U Zj:lU[ 0 Aj4 vty 0 Xo4 v
If denote UTHU = H in (3.5), then we simplify it as
m—i 7 [Aj1(Xop)m 0+ 0 (X 017" o
Zz 12 U[ 0 Aj4(X04)m_(j+i) H 0 Xos v
m—1i i—1
X01 0 ~ X01 0 T
rzmu o 2 Q) |
o [Xo 0" 1(Xo1)™™ 0 T
- U[ 0 XOJ R 1U{ 0 Aga(Xomi |V
Premultiplying U7 and postmultiplying U in (3.6), it transforms
R o S s I Y
Xor 01" =[Xor 017
R N
_ [(Xol) + 2050 A (Xo)™ ™ 0 ]
0 (Xoa)™ + 37701 Aja(Xoa)™ 7]

From the linear equation (3.7), we can obtain the following system:

Xy 0 o o][H] [By

0 Xp 0 0| |H| |0

0 0 Xs3 0 Hy| | 0|’

0 0 0 Xy4 E Buaa

where

X =304 (Xoji)l_i (Xo))™ "+ >0, (Xoji)z_i Z}T; Aj1(Xop)m= U+,
Xop =300 (Xoji)l_1 (Xoa)™ ™" + 3002 (Xoji)l_1 Yo A (Xoa) U,
X33 = 221 (XOTAL)Z_1 (XOl)mfZ + Z:ll (qu;l)z—l Z;rl:_ll Ajl(Xm)m*(Hz)
X =200 (Xgy)' (Xoa)™ ™ + 2200 (X(ﬂ)z pIyiy Aj1 (Xog)m =0T,
B = —(Xo)™ = 227 Ajp (Xo)™ _(7+f),
Bus = —(Xoa)™ = 2L, Aja(Xoa)™ U,

(3.5)

(3.6)

(3.7)
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and
- | s
Hy Hy
X;'Bn 0 T oaa s o
Hence H =U 1 U “, which is a GCS matrix with respect to the symmet-
0 X4 Bas

ric orthogonal matrix P in (3.4), the next approximation X; = Xy + H is also a GCS.

Furthermore, since the Fréchet derivative D, (Hj) is nonsingular for all K = 0,1,--- by

Theorem 2.1, we can assume there exists a matrix £ such that
ST (X" E(X) T+ 0 (75 A (XU BT = —Ra(X,),
(3.8)
for the GCS matrix X,. Similar with the first step, we easy to check that the matrix E' is GCS.
So the sequence {X}} is the set of the GCS matrices. Hence, this matrix polynomial has a
GCS solvent. O

The main result is that we can have the SGCS solvent by our Newton’s method even if the
Fréchet derivative is singular. This theorem is the answer of the first and second weak points
of Newton’s method.

Theorem 3.7. Assume that the matrix polynomial (1.1) has an SGCS solvent and each Newton
step (2.1) is consistent for the SGCS starting matrix Xo. The sequence { Xy} is generated by
Newton’s method with X such that

lim X =5,
k—o0
and the matrix S satisfies P1(S) = 0, then S is an SGCS solvent.

Proof. Suppose that we already got a SGCS solution Hy of
ST (Xo)™ Ho(Xo) ™ + 0y (75 Ay (X)) Ho(Xo)'™! = —Pi(Xo)

with SGCS starting matrix Xy by Algorithm 3.1. Then from our Newton’s method and Theo-
rem 3.5, we know that the SGCS matrix
Xit1 =X;+H;
=Xo+Ho+---+H;

always generated forall ¢ = 1,2, --- | with SGCS starting matrix Xg. So, by the convergence
of Newton’s method we can obtain an SGCS solvent of the matrix polynomial (1.1). g

4. NUMERICAL EXPERIMENTS AND CONCLUSION

In this section, we illustrate that our Newton’s method converges to the SGCS solvent. And
we compare some experimental results using our Newton’s method and Kratz’s method. All ex-
periments are done in MATLAB 7.1 and all iterations are terminated when the relative residual
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pp(X}) satisfies
/1P (Xe )
pp(Xk) = m i < ne
Aol Xk /™ + LA Xkl + - + [ Al
where € = 1.0e — 015.

First we consider the cubic matrix equation which the Fréchet derivative is singular for given
starting matrix. From it, we assured the result of Theorem 3.7.

Example 4.1. Let

0 0 1 -4 0 —4 32 0 —32
P(X)=10 0 1| X3+ |—4 0 —4| X+ (32 0 —32| =0. 4.1)
0 0 1 -4 0 —4 32 0 —32
0 0 1
The symmetric orthogonal matrix P = |0 —1 0| is given. We choose SGCS starting matrix
1 0 0
3 0 -2
Xog= |0 —6400 O | with respect to the matrix P, then the Fréchet derivative of the
-2 0 3

problem (4.1) is
DX(] =1® [Ao(Xo)Q + AQ] + XOT ® Ao Xo + (XOT)2 ® Ap

D11 D12 Dag
= (D21 Daa Dasl|,
D31 D3z Dsg
-22 0 31 (12784 0 40940809
where D11 = D33 = [—22 0 31|, Dyy = |12784 0 40940809|, Do = Doy =
—-22 0 31 112784 0 40940809
4 0 —18]
Dog = D3y =0,and D13 = D31 = |4 0 —18|, is singular. In this case, Kratz’s method
4 0 -—18

can not be applied to solve the equation (4.1). But our Newton’s method with Algorithm 3.1
gives a solvent of the problem (4.1) as follows

3 0 -1
Xs5=|0 —38400 O
-1 0 3

We can easy to check that the solvent X5 is an SGCS matrix because PXsP = Xz holds.
Figure 1 shows that the convergence result of the problem (4.1).

Example 4.2. The cubic matrix equation is

Py(X)=X*+ [_14 _14] X*+ [_04 _04] X =0. 4.2)
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FIGURE 1. Convergence for the problem (4.1).

By using MATLAB’s Symbolic Math Toolbox [18], we have eight nontrivial SGCS solvents with

0 _1] which are

respect to the symmetric orthogonal matrix P = [_1 0

—0.5 —0.5 —25 15 2 2 -2 2
1= 05 —0.5} ) B2 = [ 1.5 —2.5] ) 55 = [2 2] 5= [2 —2} ’

-1 0 -0.5 0.5 0 4 1.5 25
%=1 —1} ) 56 = [0.5 —0.5] ) 57 = [4 o] ) 5 = [2.5 1.5} '
By our Newton’s method with the SGCS starting matrices

XO:B’ ﬂ,—mgxglo, -10<y <10, z,y € Z, (4.3)

the SGCS solvents S1,--- , Sg can be obtained.

5. CONCLUSION

We presented an iterative method for computing the Newton step (2.1) over the SGCS ma-
trix. Then, we solved the matrix polynomial (1.1) using Newton’s method. One of the ad-
vantage of our Newton’s method is that it guarantee the convergence of solvents at which the
Fréchet derivative is singular. Another is that if the matrix polynomial (1.1) satisfies the as-
sumptions of Theorem 3.7, the SGCS solvent can be obtained for any given SGCS starting
matrices. But, we still need to develop the existence theories for solvents and find practical
examples.
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