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ABSTRACT

Recently, new higher order finite volume methods(FVM) wetedduced by Cai, Douglas and
Park[5], where the linear system derived by the hybridaratvith Lagrange multiplier satis-

fying the flux consistency condition is reduced to a lineastesn for pressure variable by an
appropriate quadrature rule. We study the convergencerattite solver for this linear system.
The conjugate gradient(CG) method is a natural choice teesble system, but it seems slow,
possibly due to the non-diagonal dominance of the systerthitnpaper, we propose block
iterative methods with a reordering scheme to solve thetisgstem derived by the higher
order FVM and prove their convergence. With a proper ordgeach block subproblem can be
solved by fast methods such as multigrid(MG) method. Theearigal experiments show that
these block iterative methods are much faster than CG.

1 INTRODUCTION

The mixed finite element method(MFEM) has been used and zehxtensively for many
years by now[2—-4,8,11,13,17,20]. It provides an efficieaywf computing the velocity/flow of
a flux variable. The accurate computation of flow is not onlpamant by itself, but it affects the
computation of other variables also. In porous media prabldor example, the concentration
of some chemical is transported by a moving fluid. Hence isseatial to find accurate velocity
of the fluids[10,19]. By introducing the Darcy’s velocity = —xVp as a new variable and
writing a system of partial differential equation involgitwo variables: andp simultaneously,
we obtain the so-called mixed formulation. It satisfies theal conservation law and so does
the discrete counterpart, thus one can expect a better reaegproximation for flow variable.
On the other hand, the mixed method has a drawback sincalg teaa saddle point problem,
hence the linear system which is very expensive to solvetlBsishortcoming can be resolved
by introducing the Lagrange multipliers to relax the coutiy of normal components of the
velocity on the edges of the mesh[1,9]. Then the resultistesy is symmetric positive definite
so that many efficient iterative solvers are applicable.

Another effective way of solving fluid flow equations advazhby engineering commu-
nity is the finite volume method(FVM), where unknown vargblare located only inside of
each cell [6,12]. FVM has some advantages of local mass patgen and easy adaptivity to
the geometry of the domain. Also the resulting linear systeaiten (symmetric) positive defi-
nite. In general, the FVM formulation is obtained by inteé@rg on certain volume to conserve



the physical quantities such as mass, momentum, or energe Bsatisfies conservation laws
on arbitrary volume, it is widely used in many applicatiofts,instance, convection-diffusion
equations, Stokes equations, or Euler equations, etd .16,18]. In FVM, one usually assigns
unknowns at the center of each element and use piecewisenbhasis functions to obtain the
discrete equation. In case of elliptic problems on rectéargyrid, we obtain the cell-centered
finite difference method[12] which can also be derived froavigrt-Thomas space of the low-
est order by applying a certain quadrature rule[20,21]. tMdshese are basically low order
methods.

Recently, Cai, Douglas and Park [5] proposed a new higheardftdM based on MFEM,
which has some advantages of both the MFEM and FVM, in theestrad it is derived from
MFEM, while the unknowns are located inside the cell. Thertshybridizing MFEM for-
mulation using Lagrange multipliers, then use a suitabkdgature rule to simplify the linear
system. An appropriate quadrature rule plays a key roleimimhting the flux variable, so
that they obtain an explicit system for scalar and the Lagganultipliers. Then the Lagrange
multipliers are canceled from the resulting system by agiodis choice of basis functions. It
allows the original system of three variables(velocitggsure and Lagrange multiplier) to re-
duce to a symmetric positive definite algebraic equatiopfessure variable only. The velocity
is recovered easily from the computed scalar variable.

On the other hand, the solution process of the resultingbadgesystem obtained from this
higher order FVM is not well-known. The purpose of this pajseto propose and prove the
convergence of some iterative methods for solving the systasing from this higher order
FVM scheme. Unlike most lower order methods, this systemoisdiagonally dominantin
fact, the ratios between the diagonal elements and the adfotial elements range frot(h)
to O(1/h)!(See section 3.) Hence we cannot expect fast convergemuesifclassical iterative
methods. In our scheme the variables are ordered in such ¢haiye get a nice block matrix
which can be solved by block iterative algorithm. Here, ebldtk has a structure similar to
the low order method, so that fast algorithms such as cotgugradient(CG) or multigrid(MG)
can be used for the subproblem. We prove the convergencedt lierative methods such as
Jacobi, Gauss-Seidel and SOR with properly ordered nodes .

An outline of this paper is as follows. In the next section, bveefly review higher order
FVM of [5]. In section 3, we first investigate the structurettoé matrix in detail. We then, pro-
pose block iterative methods based on certain orderingaradhes. We prove the convergence
of block Jacobi, Gauss-Seidel, and SOR methods using tbeytdeveloped by D. Young[22].
In the final section, we present numerical experiments. @agkliterative methods are indeed
much faster than pointwise counterpart or CG.

2 SECOND ORDER FINITE VOLUME METHODS

In this section, we briefly describe higher order FVM introdd by Douglas et al.[5]. Let
(2 be a bounded polygonal domain R with boundaryof2. We consider the homogeneous



Dirichlet problem
(2.2)
p =0 onos2,

wherex is a bounded and symmetric positive definite matrix. Intaadg the flow variable
u = —xVp, we obtain a standard mixed form of (2.1) as follows:

{V-(KV})) — finQ,

u+xVp =0 inQ,
divu = f in €,
p =0 onofl.

Let
V = H(div; Q) = {v e (L2(Q)" : divv € L?(Q)} :

and setV = L?(2). Then the weak form of problem (2.1) is

{ (k7 v) = (p,divy) =0,  WweV, (2.2)

(diva, q) = (f,9), Vg € W.

Assume that we have some triangulatignof €2 into triangles or rectangles. Also, sup-
pose we have some mixed finite element subspaGes- V, W, C W associated with this
triangulation. Then the finite dimensional problem for {22 Find (uy, p,) € V5, x W}, such

9 V 7d'\/ V — O7 VV E V 9

(divug, qn) = (f, qn), Yan € Wh.

This leads to a saddle point problem which is difficult to ol common procedure to avoid
itis to introduce a Lagrange multiplier to hybridize the tgys. The localized version of (2.3)
using Lagrange multiplier is: Fin@ly,, pp, An) € Vi, x W), x A, such that for any<” € 7,

(K™ "an, Vi) i — (pr, divvy) g+ < vi, - D, A >ar00= 0, Vv, € Vi (K),

(divup, gn)x = (f, @)k, Va, € Wi(K), (2.4)

<uy, - ng, g >ar000= 0, Vi € Ay
KeT,

Now we describe higher order Finite Volume Methods(FVMYaniuced by Douglas et
al.[5]. From here on, we assurfids the unit squar@), 1] and it is partitioned intav? elements
by N —1-vertical and horizontal lines. Then the size of the elengris 1/N. A typical element
is denoted by;; = [z;—1, 2] X [y;-1,¥;], 1,7 = 1,---, N. We shall consideBD F M.y or



RTy, for k > 1, and for simplicity we present the case whies: 1. Fork > 1 similar treatment
applies.
The matrix form of (2.4) can be written as

AU +BP +C)X =0,
B'U =F, (2.5)
C'U =0,

where A is a block diagonal matrix. For example, 5D F' My (resp. R1}) is chosen forV,,

then A is a block diagonal with the blocks of tH® x 10(resp.12 x 12) entries, where each
block corresponds to an elemékit To solve the system (2.5), we elimindtefirst. Then

~B'A~'(BP + C)\) =F,
—C'A~Y(BP + C)) = O.

There are two approaches of solving this system. One istaredteP first, so that we obtain
a linear algebraic system for This is a well-known method which was studied by Arnold and
Brezzi[1]. In this method, one computesfirst, then recovelP and U by a post-processing
technique. On the other hand, Douglas et al. elimindiest, so that we obtain a system fBr.
The advantage of this approach is that one can solvP fdirectly andU can be obtained from
a simple explicit formula. There is no need to comphite

Thus, we eliminate\ using the Schur complement to obtain

{B'A"!C(C'A™'C)'C'A"'B-B'A"'B}P =F. (2.6)
In general, (2.6) is very complicated and expensive to sdiverder to avoid its complication,

they propose new basis functions and some quadrature rdiagonalizeA so that they obtain
an explicit equation foP.

3 GROUPITERATIVE METHODS

The linear equation obtained in the previous section hafotine

Mp =T, (3.1
where ordering of variables is naturally chosepas (py, - - - , py2), Wherep; = (p?, p¥, p7), (I =
1,---, N?) represents variables corresponding tolthie element. HereM is N2 x N? block

matrix whose blocks ar& x 3 matrices.
We see the matrix (3.1) is symmetric positive definite, tom-diagonally dominantThe
diagonal elements of third rows of the diagonal blodKs() are of orderh? while some off



diagonal elements of the same row is of ordeHence we cannot expect a convergence of
classical iterative methods such as Jacobi method, Garidsi®nethod. CG may work, but it
seems hard to devise efficient preconditioners. Howevédn avproper reordering, we can use
block Jacobi, Gauss-Seidel method where fast solvers subtGacan be used for solving the
subproblems. Also, CG Preconditioned by MG is straightemduto apply.

The following results in [22, Chap. 5, p. 142] can be appldiow the convergence.

Theorem 3.1 If Ais an-GCO-matrix such thabD,. is nonsingular, then

(@) If u, is any eigenvalue oB3, of multiplicity p, then—p., is also an eigenvalue aB, of
multiplicity p.

(b) S(Zx) = (S(Bx))*.

(c) \, satisfieg \, +w, —1)? = w2u2 )\, for some eigenvalue, of B, if and only if A, satisfies
Ar + wr — 1 = wrp A2 for some eigenvalug, of B;.

(d) If A, satisfies either, and hence both of the relations above, thenan eigenvalue o, .
(e) If \; is an eigenvalue ofZ,_, then there exists an eigenvalue of B, such that above
relation hold.
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