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ABSTRACT. The paper is concerned with the finite element ap-
proximation of Hamilton-Jacobi-Bellman Equations.We establish
optimal L*°- error estimate using the concept of subsolution and
discrete regularity.

1. INTRODUCTION

This paper is concerned with the standard finite element approxima-
tion of the Hamilton-Jacobi-Bellman equation (HJB)
(1.1) lggﬁ(Au—f):Om Q

where ) isa bounded open domain of RY , with boundary 9 suf-

ficiently smooth, the f? are given smooth functions and the A’ are
second order, uniformly elliptic operators.

HJB-equations are encountered in several applications, for example
in stochastic control the solution of (1.1) characterizes the infimum
of the cost function associated to an optimally controlled stochastic
switching process without costs for switching. (cf e.g. [1] ).

Qualitative studies have witnissed an intense activity in the eighties
(cf., e.g.[2], [3], [4]). However, as far as numerical analysis is concerned,
it seems that only few works are known in the literature (cf. [5], [7],

8], [10]), ([11]).

In [8], by means of a subsolution method a finite element approx-
imation study was conducted, for the first time, for problem (1.1)
but no error estimate was given. In [10], by means of a finite element
Bensoussan-Lions algorithm version, a quasi-optimal error estimate in
the L*° norm was derived.
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Let a'(.,.) denote the bilinear forms associated with the differential
operators A’. In [3], it is proved that the solution of problem (1.1) is

the limit in C(€2), as the parameter £k tends to zero, of the solution of
the weakly coupled system of quasi-variational inequalities

a'(u',v—u') Z (ff,v—u') Yo e HY(Q)
(1.2) W <k4+utt, v<k+ut?

M+1 1

u =Uu

and that the solution of this system is in W?P?(£2), and is the least
upper bound of the set of subsolutions, i.e,

{ a'(w',v) < (ff,v) Yo e HY(Q); v >0

(1.3) , ,
wl S k/, + wl+1

This characterization turns out to be a powerful tool for the finite
element analysis of the HJB equation ([8], [10]), as it transfers success-
fully to the discrete case.

Denoting by V, the finite element space consisting of piecewise lin-
ear functions, A" the matrix with generic coefficients a'(¢y, ¢s), F} =
(f, 1), and {¢}, I = 1,2,...m(h) the basis of V, the discrete coun-
terpart of (1.1) consists of seeking u;, € V}, such that
(1.4) max (A, — F") =0

1<i<M

Analogously to the continuous case, it is proved in [8] that the solution

of (1.4) is the limit in C(2), as the parameter k tends to zero, of the
discrete system of QVIs

al(ul,v—uh) = (fYv—uh) Yo €V

(1.5) v s /1<;+ uptt, i < k4 ujtt
+1 _ 1
Uy = Uy

, the solution of such a system is the least upper bound of the set of
discrete subsolutions, i.e,

(16) a'(wh, s) < (f'0s) Vos; s =1,...,m(h)
' w}; <k+ wi“

and, satisfies the so-called "discrete regularity"

) lauly 20)] < C el ey

where C' is a constant independent of both £ and h.
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This new concept of "discrete regularity", introduced by Cortey
Dumont in [9], can be seen as the discrete counterpart of the Lewy-
Stampachia estimate || A™w’|| < C, extended to the variational form
through the L> — L! duality.

In the present paper, this plays an important role as it permits to
replace the irregular obstacles "k + u)'” with W?2P(Q) regular ones,
and therefore preserves the optimal convergence order.

The approximation method stands on the construction of a continu-
ous subsolution denoted 3" = (B4 . pM:(") guch that:

BHM) < 4 and ”Buw)__uiH“>§ Ch*|logh |* i=1,2,..,.M

and the construction a discrete subsolution ay, = (ai,...,a) such
that:

o) <uj and ||a2—ui||oo§0h2|logh|2, 1=1,2,... M

In this situation we, respectively, establish the optimal L*° conver-
gence order for both the system (1.2) and the HJB equation (1.1), that
is,

i i< (B2 2
max || u' —uj [lo< Ch” [logh |
and
lw—up lo< Ch* |logh |?
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