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ABSTRACT

In this article, we explore the application of immersed finite element (IFE) to the discontinuous
Galerkin (DG) formulation for interface problems because of two main features: (a) the con-
servation property; (b) the flexibility for mesh refinement.The combination of the IFE and DG
ideas generates attractive methods that can solve interface problems with structured mesh and
mesh refinement. First we will recall a bilinear IFE space published before. Then we apply this
IFE space to the symmetric and non-symmetric GD formulations with penalty. Implementation
issues will be discussed, especially those related to the mesh refinement. Numerical examples
will be presented to illustrate features of these DG immersed finite element methods.

INTRODUCTION

In this paper, we consider a penalty discontinuous Galerkinmethod with immersed finite ele-
ment for solving the following interface problem:
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(1)

together with the jump conditions on the interfaceΓ:
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Here, see the sketch in Figure 1, without loss of generality,we assume thatΩ ⊂ R
2 is a

rectangular domain, the interfaceΓ is a curve separatingΩ into two sub-domainsΩ−, Ω+ such
thatΩ = Ω− ∪ Ω+ ∪ Γ, and the coefficientβ(x, y) is a piecewise constant function defined by

β(x, y) =
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β−, (x, y) ∈ Ω−,

β+, (x, y) ∈ Ω+.
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Figure 1. A sketch of the domain for the interface problem.

It is well known that efficiently solving this interface problem is critical in many applications of
engineering and sciences, including flow problems,electromagnetic problems, and shape/topology
optimization problems, to name just a few.

Interface problem (1) - (2) can be solved by conventional numerical methods, including
both finite difference (FD) methods, see [17,28] and references therein, and finite element (FE)
methods, see [4,11,13] and references therein, provided that their meshes are tailored to resolve
the interfaces, see Figure 2. Otherwise, the lack of smoothness of the exact solution across the
interface can make a numerical method not perform as expected or converge at all [9,11,13].

Figure 2. The plot on the left shows how elements are placed along an interface in a standard
FE method. An element not allowed in a standard FE method is illustrated by the plot on the
right.

Many efforts have been attempted to get rid of this restriction so that interface problems can
be solved with meshes independent of the interfaces. In FE formulation, Babuška et al. [5,6,8]
developed the generalized and the partition of unity finite element methods. In these methods,
the local basis functions in an element are formed by solvingthe interface problem locally
such that these basis functions can capture important features of the exact solution. We note
that these basis functions can even be non-polynomials. Exemplary methods in this framework
are the partition of unity method and the extended finite element methods (X-FEMs) [10,26,30].

The recently developed immersed finite element (IFE) methods [1,2,12,15,16,19–25,29] fall
into the general framework of Babuška and J.E. Osborn [7,8]. These methods solve interface
problems by employing local basis functions formed according to the interface jump conditions
while their meshes do not have to be conformed with the interfaces. We note that IFE methods
do not locally solve the interface problem. The main idea in IFE methods is more similar to
that used for the Hsieh-Clough-Tocher macroC1 element where each local basis function in an
element is defined as piecewise polynomials on sub-elementsformed the interface such that the
required continuity can be satisfied.

All the previously published works are about IFE apply to Galerkin or finite volume for-
mulation. In this article, we explore the application of IFEto discontinuous Galerkin (DG)



formulation because of two main features: (a) the conservation property; (b) the flexibility for
mesh refinement. First we will recall the bilinear IFE discussed in [16,24]. Then we apply this
IFE space to the symmetric [14,18] and non-symmetric [3,27]GD formulations with penalty.
Implementation issues will be discussed, especially thoserelated to the mesh refinement. Nu-
merical examples will be presented to illustrate features of these DG immersed finite element
methods.
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