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ABSTRACT

The spectral element discretization to solve a second-order uniformly elliptic partial differential
equation leads to a linear equation which needs efficient iterative methods such as Schwarz-
based methods, preconditioning techniques related to multigrid methods. This is because such
linear systems have large condition numbers usually dependent on the mesh sizes h and degrees
N of polynomials adopted by spectral element methods. Hence it is very important to provide an
optimal preconditioner in the sense that the preconditioned system has small condition numbers
which are not dependent on h and N .

We consider an elliptic problem

Lu := −∇ · p∇u+ qu = f in Ω (1)

with boundary conditions

u = 0 on ΓD and n · ∇u = 0 on ΓN (2)

where ∂Ω = ΓD∪ΓN and ΓD is a nonempty set. Further, we assume that 0 < p ≤ ∞ and q ≥ 0
are nonnegative smooth bounded function on Ω.

For the problem (1)-(2), we implement the spectral element discretizations using Chebyshev-
Gauss-Lobatto/Legendre-Gauss-Lobatto nodes and present preconditioners using finite element
methods at same nodes for each discretization, and also show its optimality or scalability, re-
spectively.

Let ξg be the Gauss-Lobatto nodes: denoting g = c for the CGL case and g = ` for LGL
case. Let Vgh,N ,P

g
h,N be the space of Lagrange piecewise linear functions and of the piecewise

polynomials based on ξg, respectively.

Then the main tool is following as:

Theorem 1 There are positive constants c and C independent of N and h such that for all
φ ∈ Vgh,N

c|Igh,Nφ|1 ≤ |φ|1 ≤ C|Igh,Nφ|1, (3)
where Igh,N is the interpolation operator based on ξg, g = c or `:

(Igh,Nv)(ξgµ) = v(ξgµ) for v ∈ C(I).



Theorem 2 There are positive constants c and C independent of N and h such that

c‖I`h,Nφ‖0 ≤ ‖φ‖0 ≤ C‖I`h,Nφ‖0 for φ ∈ V`h,N . (4)

where ‖ · ‖0 is the L2-norm.

From Theorem 1 and 2, we have

Corollary 3 for φ ∈ V`h,N ,
‖I`h,Nφ‖1 ∼ ‖φ‖1. (5)

Theorem 4 There are positive constants c and C independent of N and h such that

c‖Ich,Nφ‖1 ≤ ‖φ‖1 ≤ C‖Ich,Nφ‖1 for φ ∈ Vch,N (6)

Theorem 5 It follows that for all ψ ∈ Vch,N ,

cN‖Ich,Nψ‖0 ≤ ‖ψ‖0 ≤ C‖Ich,Nψ‖0

where C is an absolute positive constant and cN is dependent only on N not on h.

Based on these facts, we show the optimality of the finite element preconditioner on the LGL
nodes to Legendre spectral element discretization for one- and two-dimensional model prob-
lem. Also for spectral element method based on CGL nodes to the problem with the constant
coefficients, we provide an optimal finite element preconditioner in one-dimensional case and
show in analytic and numerical view of points. In this case, two-dimensional preconditioner is
scalable owing to Theorem 5.
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