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.krABSTRACTIn this talk we dis
uss some a posteriori error estimators for the rotated-Q1 non
onforming�nite element method of the planar linear elasti
ity. Hanging nodes are allowed for lo
al meshre�nement. The �rst error estimator is derived by applying the equilibrated residual methodwith the equilibrated Neumann data simply given by the lo
al weak residuals of the numeri
alsolution. From this impli
it estimator we then derive an expli
it estimator whi
h is similar tothe one proposed by Dör�er and Ainsworth [1℄ for the Stokes problem. It is established that allerror estimators thus obtained yield guaranteed upper bounds for the true error in the energy-like error measure (up to higher order terms due to data os
illation), and are robust with respe
tto the Lamé 
onstants. INTRODUCTIONIn this talk we are 
on
erned with numeri
al approximation of the linear, isotropi
 elasti
ityproblem des
ribed by (���u� (�+ �)r(divu) = f in 
;u = uD on �;where u is the displa
ement and f is the body for
e. The standard weak formulation for thisproblem is to �nd u 2H1(
;uD) := fv 2H1(
) : vj� = uDg su
h thatA(u; v) = (f ; v)
 8v 2H10(
);where A(u; v) = �(ru;rv)
 + (�+ �)(divu; div v)
:The 
onstants � and � are 
alled Lamé 
onstants, and it is assumed that �1 � � � �2 for some�1; �2 > 0 and 0 < � <1.It is well known that standard low-order 
onforming �nite elements suffer from slow 
on-vergen
e when the material be
omes nearly in
ompressible (
f. [2℄). In order to avoid thisso-
alled lo
king phenomenon, we 
hoose the non
onforming �nite element approximation ofthe displa
ement on quadrilateral grids 
ombined with the redu
ed integration te
hnique whi
hwas proposed in [3℄: �nd uh 2 (Vh)2 su
h that RE(uh � uD) ds = 0 for boundary edge E, andAh(uh; vh) = (f ; vh)
 8vh 2 (Vh;0)2: (1)



where Ph denotes the L2 proje
tion onto the spa
e of pie
ewise 
onstants on Th, andAh(uh; vh) = �(rhuh;rhvh)
 + (�+ �)(Ph divhuh; Ph divh vh)
:Sin
e non
onforming �nite elements involve mu
h more degrees of freedom than 
onformingones of the same order, for the sake of 
omputational ef�
ien
y, it is vital to perform adaptivemesh re�nement based on a posteriori error estimators whi
h are robust with respe
t to theLamé 
onstants; see, e.g., [4�7℄. Our approa
h in a posteriori error analysis of non
onforming�nite element methods is to de
ompose the approximation error into two 
omponents, namely,
onforming and non
onforming ones (
f. [8�10℄). More pre
isely, let � 2 H1(
;uD) be theproje
tion of uh onto the solution spa
e H1(
;uD) with respe
t to the energy inner produ
t,that is, the solution of A(�; v) = Ah(uh; v) 8v 2H10(
) (2)subje
t to the Diri
hlet boundary 
ondition �j� = uD. We then de
ompose the total error asu� uh = (u� �) + (� � uh);and estimate ea
h 
omponent in an independent way. This is mathemati
ally equivalent to theprevious approa
h relying on the Helmholtz de
omposition of the gradient of the error butseems more natural in estimating the non
onforming error � � uh.The 
onforming error u � � is estimated by applying the equilibrated residual methodwith the equilibrated Neumann data simply given by the lo
al weak residuals of the numeri
alsolution (for ea
h edge E of T 2 Th)gT jE = 1jEj(ZT (�ruh + (�+ �)Ph divuhI)r�(T )E dx� ZT f�(T )E dx);where �(T )E is the lo
al basis fun
tion for the non
onforming �nite element spa
e. An expli
iterror estimator similar to the one proposed by Dör�er and Ainsworth [1℄ for the Stokes problem
an be also derived from this impli
it estimator. The non
onforming 
omponent ��uh is simplyestimated by the averaging te
hnique, but the 
ontinuous inf-sup 
ondition is 
ru
ially used toderive a sharper upper bound for large values of �. All error estimators thus obtained yieldguaranteed upper bounds for the true error in the energy-like error measure (de�ned below) upto higher order terms due to data os
illation, and are robust with respe
t to the Lamé 
onstants.For measuring the approximation error, we adopt (
f. [10℄)jjju� uhjjj2h = �krh(u� uh)k20;
 + (�+ �)k divu� Ph divh uhk20;
whi
h is not exa
tly a norm but intermediate between the 
ontinuous energy norm jjj � jjj :=A(�; �)1=2 and the dis
rete energy norm Ah(�; �)1=2 (whi
h was used in [3℄ for a priori erroranalysis). We note, however, that with the introdu
tion of the 
ontinuous and dis
rete pressurevariables p = �(� + �) divu; ph = �(�+ �)Ph divh uh;jjj � jjjh 
an be written asjjju� uhjjj2h = �krh(u� uh)k20;
 + 1� + �kp� phk20;
:
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