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ABSTRACT

Structural health monitoring can be defined as a statistical pattern recognition problem which
necessitates establishing a decision boundary based on measured data. Choosing the decision
boundary is often based on the assumption that the distribution of measured data is Gaussian
in nature. This unwarranted assumption impairs the performance of structural health
monitoring significantly by increasing false positive and negative indications of damage.
This paper attempts to address the issue of the decision boundary establishment using extreme
value statistics (EVS) so that the tails of a distribution associated with damage can be
properly modeled. Combining three extreme value distributions (Gumbel, Weibull, and
Frechet distributions) into a single one, the generalized extreme value distribution (GEV) is
adopted for establishing the decision boundary. A parameter estimation technique based on a
nonlinear optimization scheme is developed to estimate the model parameters of the GEV and
choose the most appropriate domain of attraction.

GENERALIZED EXTREME VALUE DISTRIBUTION

Suppose that one is given a vector of samples {Xl, ) U Xn} from an arbitrary parent

distribution. The most relevant statistic for studying the tails of the parent distribution is the
maximum operator, max({X,, X,,..., X, }), which selects the point of maximum value from

the sample vector. Note that this statistic is relevant for the right tail of a univariate
distribution only. For the l€ft tail, the minimum should be used. The pivotal theorem of EVS
states that in the limit as the number of vector samples tends to infinity, the induced
distribution on the maxima of the samples can only take one of three forms: Gumbel, Weibull,
or Frechet [1,2]. Combining these three forms of extreme value distributions into a unified
one, generalized extreme value distribution (GEV) isintroduced in this paper [3]:
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where ¢ and ¢ arethe GEVsfor maximaand minimawhile p, o, and y are the location, scale,

and shape parameters of the GEV, respectively. Note that the GEV's for maxima and minima
can be converted to the associated Frechet and Weibull distributions by using simple
transformations while the Gumbel distribution corresponds to the limiting case of the GEV
when the shape parameter of the GEV approaches 0, i.e. y—0 [4].

When samples of maximum or minimum data from a number of n-point populations are
given, it is possible to fit a parametric model of the GEV to the data. It is also possible to fit
the model to portions of the parent distribution’s tails, as the distribution of the tails is
equivalent to the appropriate extreme value distribution. Once the parametric model is
obtained, it can be used to compute an effective threshold for novelty based on the true
statistics of the data as opposed to statistics based on an unwarranted assumption of a
Gaussian distribution.

PARAMETER ESTIMATION

A least squares method using the generalized weighted least squares is employed to estimate
the best-fit GEV and the associated model parameters [4].
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where ¢, p, X, 8, W, and R represent an assumed cumulative density function vector from one
of Egs. (1)-(2), an empirical cumulative density function vector, a probability position vector,
amodel parameter vector of ¢, a weighting matrix, and a constraint vector with respect to 0,
respectively. The model parameter vector consists of p, o, and y in Egs.(1)-(2). Regarding the
constraint vector R, nonlinear constraints are imposed on the model parameters to ensure that
the model parameters stay in afeasible domain defined in Egs. (1)-(2).

Eq.(3) is a nonlinear optimization problem being subject to multiple constraints. In this
study, sequential quadratic programming (SQP) [5] is used to solve the optimization problem
iteratively until a converged solution is obtained.

The validity of the proposed method will be demonstrated in numerical studies using real
sample data sets and in the context of delamination detection in a composite plate.
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