The Boltzmann equation near a local Maxwellian
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ABSTRACT

We present two robust nonlinear functionals measuring future possible collisioiis aligtance
between two mild solutions to the Boltzmann equation near a close-to-a local Maxwellian
regime. Through the explicit local cancellation of the collision mechanism due to the special
structure of a local Maxwellian, we show that the nonlinear functionals in [4] satisfy stabil-
ity estimates. These functionals can be employed to the study -stattering and uniform
L!-stability estimate of mild solutions for the moderately soft interaction potential.

DESCRIPTION OF MAIN RESULTS

The Boltzmann equation describes the statistical evolution of a velocity distribution func-
tion f = f(z,&,t) of moderately rarefied gases. In the absence of external forces, the velocity
distribution functionf satisfies

Of +& Vaf =Q(f. f), (2,61) € R*x R x R,
f(x7§70) - f0<x7£)7

whereQ(f, f) is a quadratic collision operator which only acts on the velocity varigbénd
reads as

(1)

QUNGO = [ BlE—6.0)(7f ~ fduds.. @

K

Herex is a Knudsen number which is a ratio between the mean free path of molecules and the
characteristic length of the flow§> = {w € 5? : (¢ — &) - w > 0}, and we used abbreviated
notations:

f/Ef(x’§/7t)7 flzf(x7€>/k7t)’ fE-f(x7£’t) and f*Ef(x’f*’t)

On the other hand, scattered velocitigs ¢.) are given by the incident velocitids, £,) and
w € S3:
=6-[¢-8&) ww and =&+ -&) ww. 3)
The purpose of this talk is to show that the nonlinear functional approach in [4] can be used in
the regime of a close to a local Maxwellia¥ (z, £):

Mz, &) = ce‘a‘“|2_ﬁ|f‘2, a, 3> 0. 4)

Without loss of generality, we may assume= 1. This local Maxwellian has the crucial
key properties:
e lts travelling profileM (x — &, £) is a solution to (1).



e M satisfies

Mz + 4§ = &), &Mz + 1§ = ¢), ) = M(a + 6, HM(x + (€ = &), &)

So far, most available estimates in [2] on the Boltzmann equation near vacuum regime use
the domination by that of the transport equation with only gain operator:

Oh+&-Vaof =Q+(f, ), )
whereQ . (f, f) is the gain operator defined as

1
K

! !
QUIN = [ BUE Gl fldds.
Hence it is obvious that the cancellation effects between the gain and loss operators are ignored,
therefore it cannot be implemented in the regime of far from vacuum [1].

The novelty of this work is that we use the special structure of local steady MaxwgHian
to see the global cancellation of the collision operator nearBelow we briefly outline of the
main results given in this paper. Since the existence of classical solutions in a clégdso-
not known, we cannot use the equation (1) directly, but this difficulty can be bypassed using the
mollified Boltzmann equations:

atfa +€ v:cfa = Q(faafa) + P(f> fa)a

wheref, is the mollification of mild solutiory and

P(f, fs) = Qe(f> f) - Q(fsafs)'

We next list the main assumptiofd1) — (.42) employed in this work:
e (A1l). The collision kernel satisfies an inverse power potential and an angular cut-off as-
sumption:

S

B(§ = &,w) == &][",(0), -2<~v<1 and p—

whered is the angle betweeph— &, andw.
e (A2). initial datumf, satisfies

fO € C(R6)7 (1 - 50)M(x7£> S fO(xvg) S (1 + 50)M($75)7

whrej, < k is a positive constant.
The main results of this work are the stability estimates of two nonlinear functionals: First
we present the collision potenti@(f.(¢)) introduced in [4] evaluated along the mollification

fe:
D)= [, Fe

/RP,XR+ € — &7 (x4 H(E — &) + Tn(E, &), &, HdTde, | dédr,

X




wheren (¢, &) denotes the unit vector in the directionfof- .. By detailed analysis, we show
thatD( f.) satisfies

ID(f(1)) < ~CoAM.) +ofe)  ase—0,

whereA(M.) is the collision production rate. In the— 0, we recover a Lyapunov estimate:

d
SD(f(1) < ~CoA(M).

Secondly, we present a nonlinear functiohél?):
W) = [ 1S = L6
X {1 + /RMR 1€ =&+ Dz +t(E = &)+ (&, ), &, t)drdE, | déda.

This functional is equivalent to the!-distance between two mild solutions in the sense that

1) = F@)lle < HE) < CillF(E) = fF(O)]o,

where( is a positive constant independenttofThrough the detailed pointwise estimates of
local Maxwellian M, we show that the functional satisfies stability estimate

d
SHE) +AG(1) < O((t + 1)~ OFN)HE(t) +o(e)  ase — 0.
This implies a stability estimate via Gronwall’s estimate
t
H(t) + /0 Ag(s)ds < CYH(0) t>0,
which yieldsL!-stability of mild solutions.

10 = Tl < H(0) < CH(0) = [ Auls)ds < CCollfo = Folln = [ Aats)ds,

For more detailed reference, we refer to authors’ recent preprint [3].
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