On e-Approximate Solutionsfor Convex Semidefinite
Optimization Problems

Gwi SooKIM ! and GueMyung LEE!

1) Department of Applied Mathematics, Pukyong National University, 599-1 Daeyeon-3 Dong,
Nam-gu, Busan, KOREA

Corresponding Author : Gwi Soo KIM, e-mail:gwisoo1103@hanmail.net

ABSTRACT

Many authors have studied e-aaproximate solutions for several kinds of convex optimiza-
tion problem ([1-3]). It is well known that constrainted qualifications should be imposed on
convex optimization problems to get e-optimality theorems and e-saddle point theorems for
e-approximate solutions.

In thistalk, we consider the convex semidefinite programming model problem:

(SDP) Minimize f(z)
SUbJeCt to Fy+ 221 o 0,
where f : R™ — R isaconvex function, and fori = 0,1,--- ,m , F; € S, , the space of
(n x n) real symmetric matrics. The space S,, is partially ordered by the Lowner order; that
is,for M, N € S,, M = N if andonly if M — N is positive semidefinite. The inner product

in S, isdefined by (M, N) = Tr[MN], where T'r[-] is the trace operation. Let S := {M €
Sn | M =0} . Then

St=10¢€S,](0,2) 20¥Z €S} = §.

Let F(z) == Fy + X7, o:F,  F(z) = X7, 2F, o = (x1--- ,&m) € R™. Then Fisalinear
operator fromR™ to S,, and itsdual isdefined by

F*(Z) = (Tr|[F\Z),--- , Tr[FnZ))
forany Z € S, . Clearly, A := {x ¢ R™ | F(x) € S} isthefeasible set of (SDP).
Lete = 0. Then z € S iscaled an e-approximate solution of (SDP) if forany = € A,
fz) +ez f(2).

When the objective function is linear and the corresponding matrices are diagonal, (SDP)
becomes a linear optimization problem. The problem (SDP) includes many important applica-
tions in systems and control theory, approximate theory and combinatorial optimization ([4]).



Also, many kinds of optimization problems can be reduced to this problem (SDP). So semidef-
inite optimization problems have been intensively investigated ([5, 6]).

We formulate a Wolfe type dual problem for (SDP) as follows:

(SDD) Maximize f(x) = Tr[ZF(x)]
subject to 0 € 0oy f(x) — F*(2)
Z =0

€0 g 6,
where d, f(x) isthe e;-subgradient of f at x.

In this talk, using techniques in [7, 8], we give e-optimality theorems and e-saddle point
theorems for e-approximate solutions of (SDP) which hold under weakened constraint qualifi-
cation or which hold without any constraint qualification. Moreover, we formulate a Wolfe type
dual problem for (SDP), and prove weak duality and strong duality between the primal problem
and the dual problem, which hold under a weakened constraint qualification.

REFERENCES

1. P Loridan, Necessary conditions for e-optimality, Mathematical Programming 19(1982),
140-152.

2. K. Yokoyama, e-Optimality criteria for convex programming problems via exact penalty
functions, Mathematical Programming 56(1992), 233-243.

3. J. J. Strodiot, V. H. Nguyen and N. Heukemes, e-optimal solutions in nondifferentiable
convex programming and some related questions, Mathematical Programming 25(1983),
307-328.

4. A. Ben-Tal and A. Nemirovshi, Lectures on modern convex optimization analysis,
algorithms and engineering applications, SIAM, Philadelphia, PA; MPS, Philadelphia, PA,
2001.

5. S. Boyd and L. Vandenberghe, Convex Optimization, Cambridge University Press, 2004.

6. M. V.Ramana, L. Tuncel and H. Wolkowicz,Strong duality for semidefinite programming,
SIAM Journa on Optimization, 7(1997), 641-662.

7. V. Jeyakumar, G. M. Lee and N. Dinh, New sequential Lagrange multiplier conditions
charaterizing optimality without constraint qualification for convex programs, SIAM
Journal of Optimization 14(2003), 534-547.

8. V. Jeyakumar, G. M. Lee and N. Dinh, Lagrange multiplier conditions characterizing the
optimal solution sets of cone-constrained convex programs Journal of Optimization Theory
and Applications. 1(2004), 83-103.



