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ABSTRACT

We first represent the pressure in terms of the velocity inR3
+. Using this representation we

prove that a solution to the Navier-Stokes equations is inL∞(R3
+ × (0,∞)) under the critical

assumption thatu ∈ Lr,r
′

loc , 3
r
+ 2

r′
≤ 1 with r ≥ 3. In [4], a boundaryL∞ estimate for the solution

is derived if the pressure on the boundary is bounded. In our work, we remove the boundedness
assumption of the pressure. Here, our estimate is local. Indeed, employing Moser type iteration
and the reverse Ḧolder inequality, we find an integral estimate forL∞-norm ofu.

INTRODUCTION AND STATEMENT OF THE RESULT

In the Navier-Stokes problem, the pressure is most troublesome to find a regularity estimate.
To avoid the indirect introduction of the pressure in the formulation, the suitable weak solution is
introduced by Scheffer [14,15] and Caffarelli-Kohn-Nirenberg [3]. For instance, in the definition
of a suitable weak solution of the Navier-Stokes equations of [3] on an open setD = Ω ×
(0, T ) ⊂ R3 × R, the condition on the pressurep is thatp ∈ L5/4(D). WhenΩ = R3, the
pressure satisfiesp ∈ L5/3(D) by Calderon-Zygmund estimate with the parabolic Sobolev
embedding. In [3], they assumedp ∈ L5/4(D) because that is the bestLq estimate known
for the initial boundary value problem in the case that the domainΩ is bounded. But, with more
careful study in the context of semigroup, Sohr and von Wahl [17] showedp ∈ L5/3(D) for a
bounded or exterior domainΩ, too. Based on this estimate, Lin [12] found a blow up argument
of the proof of the partial regularity in [3] which shortened the original proof of Caffarelli-
Kohn-Nirenberg.

In view of partial regularity, there still remain several issues near boundary and again the
difficulty lies on the pressure estimate. In this work, we represent the pressure by the velocity
in the half spaceR3

+. As a matter of fact, it is well known that‖p‖Lq(R3) ≤ ‖u‖2
L2q(R3) for

1 < q < ∞. Our representation also implies that‖p‖Lq(R3
+) ≤ ‖u‖2

L2q(R3
+) for 1 < q < ∞.

As an application of the representation, we show the boundary regularity of weak solutions in
R3

+ × (0, T ) under Serrin conditions near boundary.
In this paper we study the incompressible Navier-Stokes equations with viscosityν

∂tui − ν∆ui + (u · ∇)ui + ∂xi
p = fi, ∇ · u = 0 (1)



in D = R3
+ × (0,∞) with the initial data, and the slip boundary condition(BC)

u(x, 0) = u0(x) ∈ L2(R3
+) for x ∈ R3

+, (2)
∂3u1(x, t) = ∂3u2(x, t) = u3(x, t) = 0 for x3 = 0, t ∈ (0,∞), (3)
u(x) → 0 as|x| → ∞, (4)

whereΩ = R3
+ is the half space{x = (x1, x2, x3) ∈ R3 : x3 > 0}. We let the initial data

u0 satisfy∇ · u0 = 0 in Ω and (3)-(4) in a weak sense. We assume that any weak solution
u ∈ L2(0,∞; H1(Ω)) ∩ L∞(0,∞; L2(Ω)) satisfies

∫
u · φt −∇u · ∇φ− (u · ∇)u · φ + p∇ · φ− f · φdz = 0

for all φ ∈ C∞
0 (D). This problem corresponds to the free surface problem for the Navier-Stokes

equations, for details refer to Maremonti [13], Itoh and Tani [9]. As matter of fact, the existence
of the weak or strong solutions is studied by many authors, for example [13], [9], and Solonikov
andŠčadilov [18]. The existence of weak solutions with the non-slip boundary condition (u = 0
on∂Ω) was proved by Leray [11] and Hopf [8], and the existence of suitably weak solutions was
proved by Caffarelli, Kohn and Nirenberg [3]. Here, our definition of a weak solution coincides
with a similar version of the definition of the suitably weak solution of [3]. Since the viscosity
can be treated by scaling, we simply assume thatν = 1. Also, for the simplicity we assume that
f is a smooth function inD and∇ · f = 0.

It is well known that for a smooth domainΩ which is bounded or unbounded, if the vis-
cosity is large or data are small, then the weak solution with the non-slip BC lies inL∞(0,∞ :
H1(Ω))∩L2(0,∞ : H2(Ω)). Also if the solution is bounded, then it lies inL∞(0,∞ : H1(Ω))∩
L2(0,∞ : H2(Ω)). We know that boundedness ofu implies higher regularity ofu in the inte-
rior and hence we can bound various higher norms in terms ofL∞-norm ofu. From Sobolev’s
embedding theorem we know that the solution space of weak solutionL2(0,∞; H1(Ω)) ∩
L∞(0,∞; L2(Ω)) lies in L

10
3

loc(D). But we do not know yet how to boundL∞-norm of u in
terms ofL

10
3 -norm of u. On the other hand as far as interior is concerned, it was proved by

Serrin [16] that any weak solutionu of (1) on a cylinderB × (a, b) satisfying

b∫
a

( ∫
B

|u|r dx
) r′

r

dt < ∞ with
3

r
+

2

r′
< 1, r ≥ 3

is necessarilyL∞ function on any compact subsets of the cylinder. Observe that whenr =
r′ = 5, thenu is in L5 and5 is the critical number for the homogeneous Lebesgue spaces.
The limiting case3/r + 2/r′ = 1, r > 3 for the initial value problem was proved by Fabes-
Jones-Riviere [6] and their method seems not applicable to local problems. Also Struwe [19]
improved Serrin’s method and proved the boundedness of weak solutions in the interior for the
critical case, that is,3

r
+ 2

r′
= 1, r > 3. Quite recently, Escauriaza, Seregin and Sverak showed

thatu ∈ L3,∞ impliesu is regular. Takahashi [20] found some criterion forL∞ regularity near
boundary for the weak solution satisfyingu ∈ Lr,r′ , 3

r
+ 2

r′
≤ 1. He imposed some integrability

conditions on the velocity gradient and pressure in the domainD, that is,

∇u, p ∈ Lr0,r′0 for all 1 < r0, r
′
0 < ∞ with

3

r0

+
2

r′0
= 3.



Recently, Kang [10] showed that forΩ = R3
+, a weak solutionu is Hölder continuous up to

boundary whenu belongs locally toLr,r′ at a boundary point where3
r

+ 2
r′

= 1, r > 3.
The second author [4] have shown that theL∞ boundary regularity ofu with non-slip BC

up to boundary for the limiting case thatu ∈ Lr,r
′
(D), 3

r
+ 2

r′
≤ 1 with r > 3 or u ∈ L3,∞

with ‖u‖L3,∞ ≤ ε0 for some smallε0 under the assumption that the boundary data of the

pressure is bounded. For the proof, it is shown thatu ∈ L5, if u ∈ Lr,r
′
(D), 3

r
+ 2

r′
≤ 1 with

r > 3 or u ∈ L3,∞ with ‖u‖L3,∞ ≤ ε0 for some smallε0. Employing Moser type iteration,
it is shown that‖u‖∞ can be bounded by‖u‖p for all p > 5. Then from the reverse Ḧolder
inequality‖u‖5+σ for someσ can be bounded by‖u‖5. Combining these two estimates,‖u‖∞
is bounded in terms of‖u‖5. In the same paper it is also shown that the weak solution is as
regular as the boundary data of the pressure. It is also proved that if the tangential derivatives of
the pressure is bounded, the velocityu is C1,α continuous as a function of space variables. This
is achieved from a comparison of the weak solution and caloric function and the fact that caloric
functions satisfy Campanato type integral inequality. This method has been well established in
the regularity theory of parabolic systems and elliptic systems(see [3] and [4]). Then, theC1,α

regularity will follows from the isomorphism theorem of Campanato space and Hölder space.
From a bootstrap argument the weak solutionu will be as regular as the boundary data of the
pressure.

This paper consists of three parts. The first part, which is our main result, is about pressure
representation. We represent the pressure in terms of the velocity inR3

+, which implies that
‖p‖Lq(R3

+) ≤ ‖u‖2
L2q(R3

+) for 1 < q < ∞ likewise inR3.
Theorem 1 Supposeu, p are a measurable function and a distribution, respectively, satisfying
(1)-(4) in the sense of distributions. Thenp has the following representation; for almost all time
t ∈ (0, T )

p(x, t) =
−δij

3
(u∗i u

∗
j)(x, t) +

3

4π

∫
R3

(
∂2

∂yi∂yj

1

|x− y|

)
(u∗i u

∗
j)(y, t) dy, (5)

whereδij is the Kronecker delta function. Here,u∗(y) = u(y) for y3 > 0, and

u∗1(y, t) = u1(y
∗, t), u∗2(y, t) = u2(y

∗, t), u∗3(y, t) = −u3(y
∗, t)

for y3 < 0, andy∗ = (y1, y2,−y3).
The second is about boundary regularity, which is an application of our pressure represen-

tation. We provide a simple proof ofL∞ boundedness ofu up to boundary for the case that
u ∈ Lr,r

′
, 3

r
+ 2

r′
≤ 1 with r ≥ 3 without any restriction on the boundary data of the pressure.

In caser = 3, we need the smallness ofu.
Theorem 2 Suppose(u, p) is a weak solution. There exists a positive constantσ such that if

u ∈ Lr,r
′
(Q+

2 ) for some(r, r
′
) satisfying3

r
+ 2

r′
≤ 1 with r > 3, then

sup
Q+

1
8

|u| ≤ c

( ∫
Q+

1

|u|3 dz

) 5+σ
3σ

+ c

for some positive constantc depending onε0.
Finally, we provide the existence and the definition of the suitable weak solutions in the

appendix.
Using the representation, we also showed the only self similar solution inR3

+ × (0, T ) is
zero in our another paper [1].
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