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ABSTRACT

We will study in this note a globalW 1,p estimate for1 < p < ∞ for the weak solution to a
boundary-value problem for a divergence structure nonlinear elliptic partial differential equation
that is not of variational form. The boundary of a domain is only assumed to be nontangentially
accessible. We will ask what are reasonable conditions to place both on the nonlinearity and on
the boundary for theW 1,p regularity to this large class of elliptic problems for many interesting
domains with fractal boundaries.

INTRODUCTION

We study a global estimate for the gradient of a weak solution to a divergence structure nonlinear
elliptic partial differential equation that is not of variational form in an irregular domain. In
particular we are interested in the well-posedness of the following nonlinear boundary-value
problem −div a(∇u, x) = div f in Ω

u = 0 on ∂Ω.
(1)

Here f ∈ Lp(Ω) is a given vector field for somep > 1, as is the smooth vector fielda :
Rn × Rn −→ Rn, a = (a1, ..., an). The unknown isu : Ω −→ R, u = u(x), whereΩ is a
bounded, open subset ofRn. As usual, solutions of (1) are taken in a weak sense. We use the
following classical definition of a weak solution.
Definition 1 We say thatu ∈ W 1,p

0 (Ω) is a weak solution of (1) if we have∫
Ω
a(∇u, x) · ∇ϕ dx = −

∫
Ω
f · ∇ϕ dx

for all ϕ ∈ C∞0 (Ω).
We refer to [6] for a general discussion on the weak solution of (1). Now if there exists a function
F : Rn −→ R such thata(ξ, x) is the gradient ofF (ξ, x) with respect toξ ∈ Rn, then (1) is the
Euler-Lagrange equation corresponding to the variational integral

I[w] =
∫
Ω

(F (∇w, x) + f · ∇w) dx
(
w ∈ W 1,p

0

)
.

However, if the PDE (1) is not of variational type, i.e., there exists no such potentialF , the
classical variational methods do not apply to our present problem for the existence of a weak



solution. We use instead monotonicity methods. To do this let us assume thata is uniformly
monotonic inξ, i.e., there exist some positive constantsλ, Λ such that

λ |ξ − η|2 ≤ (a(ξ, x)− a(η, x)) · (ξ − η) ≤ Λ |ξ − η|2 (2)

for all ξ, η ∈ Rn and almost everyx ∈ Ω, and that

|a(ξ, x)| ≤ C(1 + |ξ|p−1),

a(ξ, x) · ξ ≥ a|ξ|p − b

for all ξ ∈ Rn and some constantsC, a > 0 andb ≥ 0.
In this work we are interested in studying how the regularity off is reflected to the solutions

under minimal assumptions on the vector fielda and the smoothness requirement on the domain
Ω. More precisely, we want to ask what are optimal conditions to place both on the nonlinearity
a and on the boundary∂Ω under which we have the followingW 1,p estimates:∫

Ω
|∇u|p dx ≤ C

∫
Ω
|f |p dx,

where the constantC is independent ofu and f . First we point out that theLp regularity we
discuss here is not of the kind of classical one (i.e. valid forp = 2, see [6]). On the contrary our
results hold for any value ofp in the range(1, +∞). Obviously, such a result requires additional
conditions ona and∂Ω.

In the uniformly elliptic, second-order PDE case, Di Fazio in [5] proved a globalW 1,p(Ω)
estimate for1 < p < ∞ estimate provided the coefficients are bounded functions of vanishing
mean oscillation and the domain is inC1,1. His argument is based on explicit representation
formulas involving singular integral operators and commutators, and works only for the linear
equations in this direction. The authors in [1] obtained the same result as in [5] under much
weaker assumptions, which are that the coefficients have a suitable smallness condition in the
John-Nirenberg space BMO of the functions of bounded mean oscillation (see [8]), and that
the domain is sufficiently flat in the Reifenberg sense. Roughly speaking, a set is flat in the
Reifenberg sense if it is well approximated by hyperplanes at every point and at every scale (see
[10,11]). Our approach relies on weak compactness, the Hardy-Littlewood maximal function,
the Vitali covering lemma, goodΛ-inequalities, and energy estimates. Recently the authors in
[2,3] extend the results in [1] to elliptic PDEs ofp-Laplacian type that is of variation form. In this
note we attack a divergence structure nonlinear elliptic PDE that is not of variational form by
combining the approaches used in [1,4]. We will develop a unifying method to obtain the interior
and boundary estimates for the highly nonlinear case. This method is more flexible to deal
with the irregular domains than the flattening argument since the latter always requires some
differentiability conditions on the boundaries of the domains. The main difficulty in our work
comes from the nonlinearity of the equation (1), which causes the counterparts in nonlinear case
for the obvious conclusions in linear case to be hard to prove. This work is a natural outgrowth
of the papers [2,3], where the similar results are obtained for elliptic equations of variational
type. Although we use almost the same functional framework and analytic procedure as in [1–
3], more complicated analysis has to be carefully carried out with great patience. This could be
an intriguing development since the present tools are quite flexible and suitable for both linear
and nonlinear problems. In particular, these techniques can be used in many other situations like
subelliptic and parabolic operators. In a forthcoming paper we will extend the present result to
a parabolic setting.



APPROXIMATION PROPERTY HYPOTHESES

In this section we describe the hypotheses on the vector fielda and on the domainΩ. Let us
begin with the statement of the general assumption ona. In order to measure the oscillation of
a(ξ, x) in the variablex over each ballBr(y) ⊂ Rn, we consider the function

β(x) = sup
ξ∈Rn

∣∣∣a(ξ, x)− a(ξ, .)Br(y))
∣∣∣

|ξ|+ 1
,

wherea(ξ, .)Br(y) is the integral average ofa(ξ, .) for each fixedξ over the ballsBr(y). Moti-
vated the early works in [1–4] we use the following assumption.
Definition 2 We say that the vector fielda is (δ, R)-vanishing if

sup
0<r≤R

sup
y∈Rn

1

|Br|

∫
Br(y)

|β(x)| dx ≤ δ. (3)

Our geometric setting for the domain is stated as the following.
Definition 3 Let 0 < δ ≤ R. Then we say thatΩ is (δ, R)-Reifenberg flat if everyx ∈ ∂Ω and
everyr ∈ (0, R], there exists a coordinate system{y1, . . . , yn}, which can depend onr andx
so thatx = 0 in this coordinate system and that

Br(0) ∩ {yn > δr} ⊂ Br(0) ∩ Ω ⊂ Br(0) ∩ {yn > −δr} .

In the definitions above we meanδ to be a small positive constant while one can assumeR = 1
by a scaling. A Reifenberg flat domain was introduced by Reifenberg in the paper [11] where
he proved that it is locally a topological disk ifδ is sufficiently small. A typical example of
Reifenberg flat domains is the well-known Van Koch snowflake. The Van Koch curve is a self-
similar Jordan curve and a prototypical fractal set. Fractals are geometric shapes that are very
complex and infinitely detailed. We can zoom in on a section and it will have just as much
detail as the whole fractal. They are recursively defined and small sections of them are similar
to large ones. They are found in real-world systems such as blood vessels, the internal structure
of the lungs, graphs of stock market data, bacteria and fern growth, clouds, mountains and so on.
The remarkable thing for Reifenberg flat domains is that they areW 1,p extension domains (see
[7,9]). Thus extension theorem and Sobolev inequalities are available on a(δ, R)-Reifenberg
flat domain, which is very important to theW 1,p regularity theory for elliptic equations as well
as parabolic equations.

MAIN THEOREM

The main theorem in this note is the following.
Theorem 4 Let p > 1 be a real number. Then there is a smallδ = δ(λ, Λ, p, n, R) > 0 so
that for all A with a (δ, R)-vanishing, for allΩ with Ω (δ, R)-Reifenberg flat, and for allf with
f ∈ Lp(Ω; Rn), the Dirichlet problem (1) has a unique weak solution with the estimate∫

Ω
|∇u|pdx ≤ C

∫
Ω
|f |pdx,

where the constantC is independent ofu andf .
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