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ABSTRACT

For a given set of scattered poi¥s:= {s;} ., in I, we will establish a quadrature formula on
I, which is exact for polynomials of degree less than or equél toy using(M + 1) scattered
points with(M + 1) > dim Pk (I). To this end, we first define the ‘density’ & in Q to be the
number

h = h(X;Q) := sup min [t — s;] (1)

teQ sieX
and introduce the notion of ‘admissible vect@i!-, s;))}.,.

Definition 0.1 ~ The vector(a(-, s;))}., are termed admissible fgP,(12) if they satisfy the
following three conditions:

(a) There exists a positive constant 0 such that, for any € Q, a(t, s;) = 0 wheneveft —s;| >
ch, with h the density oX as in (1).
(b) Foreveryt € I, (a(t,s;))}Z, reproduces polynomials iR, (1), i.e.,

D_alt, s;)p(s;) = p(t),  Vp € PulQ). )

M
The key point in this numerical quadrature is to find a unique admissible véc(brsl)>

=0
such that for alp € Pk (1),

Zp s))a(t,s;) = p(t), 3)
so that
M
| )t =3 p(s;); p € Pall) @)
§=0
for some suitableb;, j = 0,---, M. The above system (4) is undetermined. For the basis of

Pn (1), we will denote it as{gzﬁz N*’“ which is the set of local Lagrange polynomials of degree
N with respect to representatlon gl{sL}Nj"C in I where

0<k<N+kE<M,



which satisfy

gzﬁi(sj):(&j, VZ7]:]{7,,N+]€
whered;; denotes the Kronecker delta. In fact, it can be uniquely determined by making the
kernela(t, s;) in (3) be defined locally Lagrange fundamental Polynomial. The next lemma
treats how the weight;, 7 =0, --- , M, are constructed.

Lemma 0.1 Letw(t) be a weight function and assume that the ve¢icr, s;))}Z, are admis-
sible forP,(I). Then, for any polynomial € P,(I), we have

| perw©)dt =3 pls, )i, ©)

with w; of the form
o, ::/a(t, s w(t)dt, j=0,-- M. (6)
Q

Now, we estimates the error of the quadrature in (5) and (6) to the functions in the Sobolev
space.

Theorem 0.1 Letw(t) be a weight function and,, j =0, --- , M, be the quadrature in (5).
If f € H;(Q), then we get

Bul = Y 3 [t su® 2 sy 0r e+ ) dyt

|
|ali=n+1 =0 a:

This quadrture formula will be turned out same as, so called, Clenshaw-Curtis quadrature
rule([1]) when it is restricted to the intervat1,1] , CGL nodes, and/ = K are chosen

in 1D case. This observation yields that the new quadrature rule (5) and (6) is considered as
an extension of Clenshaw-Curtis rule. Also, we will propose useful quadrature rules for some
kinds of points set.
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