Stability of fixed points on piecewise smooth systems
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ABSTRACT

The stability type of fixed points of continuously differential dynamical systems can be deter-
mined by their Jacobian information. But in practical situation, we often meet piecewise smooth
maps with a border separating two smooth regions. The discontinuous change in the Jacobian
elements results in many atypical bifurcation phenomena, which is called border collision bifur-
cations, for instance a periodic orbit turning directly into a chaotic orbit, or multiple attractors
coming into existence or going out of existence as the parameter is varied across some critical
bifurcation value, etc. Recent research has shown the new type of border collision bifurcations,
which is called the dangerous border collision bifurcations where a fixed point remains stable at
both sides of the critical bifurcation point, but the orbit becomes unbounded at the critical point
of bifurcation. Possibility for occurring such dangerous border collision bifurcations has been
pointed out through numerical exploration but the mechanism causing its occurrence is not yet
known. In the present paper, we focus on determining the stability type of fixed points of piece-
wise smooth systems. Specifically, consider non-differentiable fixed points which are located
exactly on the border. In order to investigate the behavior of trajectories on piecewise linear
systems having such fixed points, we consider the angle dynamics of the circle map defined on
the unit circle with the assigned dilation ratios generated by the original piecewise linear sys-
tem. From dynamical features of the circle map on the unit circle, we can measure the stability
type of fixed points, which can be compared to the role of the magnitude of eigenvalues in con-
tinuously differential dynamical systems. Our results will help to understand the mechanism of
such dangerous border collision bifurcations.
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