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ABSTRACT

We review some fundamental problems that arise in robot mechanics, and show how tools from
differential geometry and Lie group theory have played an integral part in their solution.

INTRODUCTION

From its initial promise in the 1960’s and 1970's, to its premature demise in the late 1980’s
and 1990’s, robotics today is now witnessing a tremendous resurgence of interest. This revival
can be traced in part to the recent progress made in the development of robotic platforms,
with the advent of humanoid robots that can walk, climb stairs, even dance. At the same time,
field and service robots are now routinely being deployed in automation, construction, rescue,
and other diverse applications, and the technology has now become available for hobbyists to
construct and program robots using off-the-shelf components and general programming tools.

This rejuvenation of robotics has been driven not only by hardware and computing ad-
vances, but also by a better understanding and solution of the fundamental problems in robotics.
The theoretical underpinnings of a robotics science are now in place, and it is now possible to
frame some of the fundamental questions in robotics using the language of modern mathemat-
ics. For the aspects of robotics related to mechanics, it turns out that differential geometry is a
natural setting in which to formulate the fundamental questions and their solutions.

In this talk we focus on three aspects of robot mechanics in which tools from differential
geometry and Lie groups have played a central role: the question of how to design kinematic
chains for a given set of tasks, deriving the equations of motion for complex robotic systems,
and generating natural robotic movements, in the sense of minimizing certain physical criteria
and emulating the movements of humans and animals.

OPTIMAL KINEMATIC DESIGN AND THE THEORY OF HARMONIC MAPS

Most of the recent efforts in kinematic design center around identifying and quantifying
certain qualitative features of robot performance; these measures are then optimized to arrive at
some form of “best” design. Aspects of workspace volume, dexterity, and dynamic response all
have been studied extensively in the literature. In fact, upon closer inspection one is struck by
the variety of ways in which robot performance can be defined and measured. These measures
are usually formulated in terms of local coordinate representations for the robot’s kinematics



and dynamics, which are generally accepted without question. However, one must be care-
ful to formulate the measure in a way that reflects the intrinsic properties of the mechanism,
rather than that of the particular choice of coordinates. Complicating this further is the fact that
neither the space of rigid-body motions, nor the configuration space of most mechanisms con-
taining closed loops, is a vector space. Clearly any meaningful performance measure should be
formulated such that it is independent of the choice of coordinates, and takes into account the
nonlinearity of both the configuration space and the rigid-body motions.

One of the viewpoints advanced here is the use of global, coordinate-free methods of differ-
ential geometry to characterize robot performance. The global kinematic and dynamic proper-
ties of a robotic mechanism can be represented quite naturally within this geometric framework,
as the recent reworking of the classical screw theory of rigid body motions in terms of the one
parameter subgroups of the Euclidean group attests; the entire body of results from Lie theory
now becomes available for kinematic analysis. Similarly, many of the existing robot perfor-
mance measures can be described mathematically in a much simpler fashion by ideas that were
developed in a completely general geometric setting. One result is that their physical meaning
now becomes more apparent. For example, the integral functioharofonic mappingheory
leads to a simple formulation of global dexterity, and workspace volume becomes a straightfor-
ward application of volume measures on Riemannian manifolds.

LIE GROUP FORMULATION OF ROBOT DYNAMICS

A second domain in which geometric tools have been particularly helpful is in the formula-
tion of the equations of motion for general kinematic chains. Although from a certain point of
view generating the equations of motion for robots, and multibody systems in general, presents
no theoretical difficulty, in practice the symbolic and computational complexity of the ensuing
equations has lead to repeated attempts in the past to formulate the equations in a more compact,
computationally efficient manner.

Using standard ideas from Lie groups and Riemannian geometry, we present a formula-
tion of the dyamic equations for rigid multibody systems that leads to a particularly simple set
of closed-form equations. In particular, the inertia matrix can be explicitly factored into terms
involving kinematic and inertial parameters, respectively, which can in turn be easily differen-
tiated with respect to any of these parameters. The differential geometric approach permits a
high-level, coordinate-free view of robot dynamics that shows explicitly some of the connec-
tions with the larger body of work in mathematics and physics. The geometric formulation is
also attractive for applications like robot design and calibration, motion optimization, and opti-
mal control, in which analytic gradients involving the dynamic equations are usually required
for obtaining numerically stable solutions in reasonable time.

GENERATING OPTIMAL ROBOT MOVEMENTS

As a third and final application, that draws upon the previous geometric formulations of
kinematics and dynamics, we consider the problem of generating optimal motions for robots.
Among the many innate physical abilities of humans, motor control is the skill that is most often
taken for granted, as it seems to require very little conscious effort on our part. Only when a
particular motor skill is impaired or lost does one then begin to fully appreciate the difficulty of
motor control. It comes as no surprise that these exact same difficulties are encountered, indeed



even magnified, when attempting to endow robots with a movement generation capability like
that of humans.

Our broad aim here is to emulate the low-level capabilities of human motor coordination
and learning within the framework of optimal control theory. Our approach is based on the
simple observation that, in nearly all of the motor learning scenarios that we have observed,
some form of optimization with respect to a physical criterion is taking place. Moreover there is
ample biological evidence to justify an optimization-based approach to movement generation;
in the literature one can find many optimal control-based studies of various human motions,
ranging from maximum-height jumping, voluntary arm movements, maintaining postural bal-
ance, minimum-time running and swimming, even wheelchair propelling. Besides some of the
more obvious optimization criteria like minimum energy or control effort, strategies that involve
minimizing the derivative of acceleration (or jerk), as well as muscle or metabolic energy costs,
have also been examined in the context of specific arm motions.

Some researchers have also presented biological evidence suggesting that the nervous sys-
tem implicitly performs inverse dynamics to generate feedforward motor commands, partic-
ularly for fast motions. Previous research also shows that it is possible to identify accurate
internal models from movement data, and that such strategies can be successfully implemented
in robots. Aproaches to motor coordination and learning based on equilibrium and hierarchi-
cal approaches inspired by biological systems, and dynamical systems theory, have also been
presented.

From an engineering perspective an optimization-based approach to movement generation
usually strikes one as the first reasonable thing to try. The reason that such approaches have
been largely unsuccessful, it seems, is that the complexity of the dynamic equations inevitably
lead to intractable optimization problems. Indeed, the intractability of the optimization seems at
least partly—if not largely—responsible for the recent flurry of attention giver.tn,neural
networks, genetic algorithms, and other evolutionary optimization approaches to motor learn-

ing.

One of the arguments put forth here is that movement generation based on dynamic models
and classical descent-type optimization methods is indeed a computationally feasible paradigm.
Aside from the complexity of the nonlinear dynamics, another reason classical descent meth-
ods, despite their reliability (indeed, in many cases these algorithms are the only ones that can
guarantee local optimality and convergence), are bypassed in many of today’s motion learn-
ing schemes is their reliance on gradient and Hessian information. Although in principle one
can numerically approximate these quantities, for problems involving even moderately com-
plex multibody systems, approximated gradients and Hessians more often than not lead to ill-
conditioning, instability, and poor convergence behavior, not to mention a significant increase
in computation.

By appealing to our earlier Lie group formulation of the equations of motion, it is now
possible to develop algorithms that render the optimization problem tractable. In many cases
the optimized motions can even be obtained quite efficiently and in a numerically robust way.
The key lies in the ability to recursively evaluate the nonlinear dynamics, and also to recursively
compute exact analytic gradients and Hessians without resorting to numerical approximations.
The resulting algorithms are still computation-intensive by today’s standards, utayevith
respect to the number of rigid bodies comprising the system, and perhaps most important of all,
robust.
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