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ABSTRACT

In this paper, we consider three-component reaction-diffusion system. With an integral con-
dition and a global coupling, this system gives us an interesting free boundary problem. We
shall examine the occurrence of a Hopf bifurcation and the stability of solutions as the global
coupling constant varies. The main result is that a Hopf bifurcation occurs for weak global
coupling.

INTRODUCTION

We now consider three-component reaction-diffusion system that describe the interaction of
two inhibitorsv andw and one activatot in [3,4]:

EOUL = E%Upy + f(u,v, < w >),

Vp = Vg + g(U, v, < W >), Q)

L
0:/ h(u,v,<w >)dz, € (0,L),t>0
0

with the Neumann boundary conditions(0,¢) = 0 = v, (L, t). The nonlinear terms are taken
the piecewise linear case of FitzHugh-Nagumo type[1,2] which are

f=—u+H@u—a)—v, g=pu—v—<w> h=FK — KU —w (2)

wherek, is a global coupling constant and aq and x; are all positive constants. A spatial
average ofv is defined by< w >= 1 [ wdz.
A single interface problem with the global coupling is obtained by

vy + Av = pH(x — 8) 4+ Kkaq — K1, (x € (0,L)\{s},t>0)
s'(t) = ; Clu(s(t),1),q(t)), (t >0)

qt)=—(u+1—ra)g+pl—7)—r1, (t>0)

3)

U(ZL‘, O) = UO(:E)’ S<O) =50, q(O) = 4o



whereA = —% + (p+1)andg =< v >.

REGULARIZED EQUATION OF MOTION
Defineg : [0, L] x [0, L] x C — C by
g(a,s,q) == A7 (uH (x — 5) + Kaq — K1)

and~ : [0, L] x C — C by
V(s,q) = g(s,,q) .
We decompose a solutidn, s, ¢) of (3) into two parts by defining

u(t)(x) == v(z,t) — g(z,5(t), q(t))

The initial value problem fofu, s, ¢) can then be written as

d _
—(u, s, Alu,s,q) = f(u,s,
7 (U8, 0) + Alu, 8,9) = f(u, 5,9) @

(u;5,4)(0) = (u(0),5(0),4(0)) = (uo, 50, 90)

of a differential equation in a Banach spaﬁeof the formX := X x R x C. The operatotd,
represented in matrix form

K K2 (put+1—rk2)
A _Létufl) —= Mu+1 :
A=]0 o0 0

0 = w41 — kKo
The nonlinear forcing ternf defined on the set
W ={(u,s,q) € C*([0,L]) x R x C : u(s) +7(5,9) € I} Copen C*([0, L]) x R x C

is as follows :
L fa(u,s,q) - fi(s) — =2l

flu,s,q)= 2 fa(u, s, q) ;

W= K1
wheref, : (0,L) — X, fi(s)(z) = pG(x,s)andfy : W — C, fa(u,s,q) == C(u(s) +
v(s,9),5,4),

2(u(s) + (s, q)) + 2ap — 1

(a0 + u(s) +7(s.0)) (1 a0 — uls) = 7(5,0) )

Cu(s) +(s,9),8,q) = \/



EXISTENCE OF STEADY-STATES AND LINEARIZED EQUATION OF MOTION

Theorem 1 (1) Case without global coupling<¢ = 0). Assume that — ay < *:;‘11. For

s*

. . #(1, L) — k1
all o > 0, the problem of (4) has the solutidf, s*, ¢*) with ¢* = T and
s* € (0,L).
(2) Case with global couplings; > 0).
(a) Suppose; = 1+ 1. Then for allo > 0 the stationary problem of (4) has the solution

- . 1 " cosh Ly/pF1(1—2L) sinh(Ly/pt+15L) . K

(b) Suppose that, < i1+ 1 and% —ap < #izflm. For all o > 0, the problem of (4) has

. . . M(l— %) — K1
the stationary solutior0, s*, ¢*) with ¢* = —— L., ands® € (0,L).

(c) For u + 1 < ke < 00, @assume tha% — ag < —*—. Then there exists the solution

Ko—p—1"

u(l— Sf) — k1
(0, s*,¢*) such thaty* = i ands* € (s., L — s.), where

L 1 1 (
PN
(3) Case with strong global coupling:{ T o). Suppose that

b a0 < gt (Koo I (Ko + K2 = 1) = /K2 = 1)

Ko sinh(Ly/p+ 1)
K++VvVK?2-1), K= :
) Ly/u+1(kg —pu—1)

Se = Se(ko) =

whereK, = % Vfl“) Then for allo > 0, the problem of (4) has the stationary solution
(0, s*,¢*) with ¢* = 0 and s* € (So0, L — So0) Wheres,, = lim,, o Sc(K2).

For all cases, the linearization gf at (0, s*, ¢*) is

S
i(ﬁ(S*) +7:(5%,47)5 + 74(s7, q*)@> pG(-;s7)
== 3(@(S*> +73(3*,q*)§+7q(8*7q*)6)
0

The pair (0, s*, ¢*) corresponds to a unique steady staté, s*, ¢*) of (3) for o # 0 with
v*(x) = g(z,s%,q%) .

EFFECTS OF GLOBAL COUPLING FOR A HOPF BIFURCATION

A Hopf bifurcation without global couplingf, = 0):
We state our main theorem:

Theorem 2 Suppose thag —ag < % The problem (4), respectively (3), has stationary

. u(l— 3*) — K1 .
solutions(u*, s*, ¢*) whereu* = 0 and¢* = # respectively(v*, s*, ¢*) for all 7 >



0. Then there exists a uniqué such that the linearization- A + 7*B has a purely imaginary
pair of eigenvalues > 0. The point(0, s*, ¢*, 7*) is then a Hopf point for (4) and there exists
a C°-curve of nontrivial periodic orbits for (4), respectively (3), bifurcating frétns*, ¢*, 7*),
respectively(v*, s*, ¢*, 7).

A Hopf bifurcation with global coupling4; > 0):

Theorem 3 Suppose that (ix, = 1 + 1 then the problem (4), respectively (3), has a unique
. . . s e . v 1 e cosh Ly/pF1(1—21) sinh(L/p+15L)

stationary solutior{u*, s*, ¢ )Yvhereu =0,¢" = 5—aot ;75— - LD m

ands* = L(1 — “1) respectively(v”, s*,¢") forall 7 > 0. (i) If 0 < k> < p+ 1 and

1

3 —ag < #ﬂflﬁz, the problem (4), respectively (3), has stationary soluti@rfs s*, ¢*) where

1— ) — K
u* = 0andg* = “Mﬁ)ml respectively(v*, s*, ¢*) forall 7 > 0. Then there exists a unique

7* such that the linearizatior- A + 7* B has a purely imaginary pair of eigenvalugs> 0. The
point (0, s*, ¢*, 7*) is then a Hopf point for (4) and there exist&4-curve of nontrivial periodic
orbits for (4), respectively (3), bifurcating fro(0, s*, ¢*, 7*), respectivelyv*, s*, ¢*, 7*).
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