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ABSTRACT
We find the second positive radial solution for the followpggaplacian problem:

div (|Vu|P~2Vu) + K(|z])u? = 0, in Q
u=0, on N
u(z) — pu >0, as|z| — oo,

whereQ) = {z e RN : |z| > ro}, 10 >0, N>p>1,¢>p—1.

INTRODUCTION

In this paper, we study the existence, nonexistence and multiplicity of positive radial solu-
tions for the followingp-Laplacian problem

div(|Vu|P2Vu) + K(|z|) f(u) = 0in €, (P)

ulgo = 0 andu — p > 0 as|z| — oo, (Dy)

whereQ = {zr € RY : |z| > ro}, o > 0, N > p > 1, p a positive real parameter,
K e C(Q,(0,00))andf € C(R,,Ry) with R, = [0, c0).
The present work is motivated by Deng and Li [1]. They considered a semilinear problem of
the form
Au+ K(z)u® =01in ,
u>0in, ue€ HL(Q)NC(Q), (DL)
ulgo =0, u — p > 0as|z| — oo,

whereQ) = RV\w is an exterior domain iR, w C R" is a bounded domain with smooth
boundary andV > 2, a > 1. Among other results, they prove under assumption;

(K1) K € C2:(9Q), K > 0,K # 0 and there exis€, ¢, M > 0 such tha K (z)| < C|x|~ for

|z| > M withl > 2+ ¢

that there existg* > 0 such tha{ D L) has at least one solution fpre (0, 4*) and no solution
for u € (u*, 00). Furthermore, ifK € L'(Q), then the solution gt = x* is unique.
We expect the problem may have bifurcation phenomenon of solutions with respeadteq
there should be one more solution foe (0, *). Our first result comes up as follows. Assume

(K) there existsy > p — 1 such that/;> r" K (r)dr < oo,

(F1) fis homogeneous of degreewith p > p — 1,

(F2) f(u) > 0forallu >0,



(F3) foo = limy_oo jp(f)l = o0.

Then, there exist, > ©* > 0 such that P) + (D, ) has at least two positive radial solutions

for u € (0, u*), at least one positive radial solution fore [u*, 0] and no radial solution for

1t € (o, 00).

We notice that a model example patisfying condition$F) — (F3) is f(u) = u?, ¢ > p— 1.

We also notice that this result is partial, since the existence intgrizal,| of multiple solutions

is not obvious. This is mainly caused by coarse topological structure of solution space. For

more details, applying consecutive changes of variables, |z|, u(r) = u(|x|) andt =

—N+p

(L)ﬁ , z(t) = u(r), problem(P) + (D,) is equivalently written as

0

wp(2') + AR(t)f(2) =0, t € (0,1), )
2(0) =pu>0,2(1) =0,
wherep,(s) = |s|P~%s andh is given by
p—1\"  —»v-1) ~(p-1)
h(t) = (]V-p) Tgt N—p K (Tot N-p )
We notice that is singular at = 0 and by condition X), h satisfies
1
/ s7h(s)ds < oo, (H,)
0

for some( < p — 1. For more general consideration, we assume that the coefficient furkction
may be singular at = 0 and/or1 which satisfies

/jso;l (/ h(T)dT) ds+/; ey (/jh(r)dr) ds < oo, (H)
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Obviously, we see that conditigif{; ) implies condition(# ). By using the homogeneity of

and introducingu(t) = ?, we can rewrite problem (1) as

{gop(u')' F AR f(u) =0, t € (0,1), 2
u(0) = a,u(1l) =0,

wherea > 0 fixed, \ = p*~P*! andh satisfies conditiori /7). Problems (1) and (2) share the
same bifurcation phenomena with respect and\. Sinceh may not be in.!(0, 1), solutions

are not guaranteed 6f'[0, 1] so that analysis for the first result has to be performed’'fn1]
space. Lack of controllability of derivatives at the boundary makes difficulty on the computation
of fixed point index which causes such partial result for multiplicity. To overcome this difficulty,
we introduce weighted space involving with derivatives somehow and do similar analysis for
computation of fixed point index. For simplicity, we confine our problem as follows,

div(|VulP~2Vu) + || f (u) = 0in Q, (E)

u|pq = 0andu — p > 0 as|z| — oc. (Dy)
Proofs are employed by global bifurcation theorem of Rabinowitz and fixed point index theory.



THE EXISTENCE OF UNBOUNDED CONTINUUM

Let us consider

—pp(W/ (1)) = AR(t) f(u(t)), t€(0,1),

_ _ (F)
u(0) = a, u(l) =0,
wheref € C(]0, 00), [0,00)) and
he A2 {q € C(0,1): /Oicp;l (/:q(T)dT> ds—l—/llcp;l </18q(7')d7'> ds}.
Substitutingu(t) = u(t) — a(1 — t), we have
{ eu(v/(t) = @)l = Ah(t)f(o(t) +a(l — 1)), t € (0,1), (P)
(0) = 0 =w(1), ’

DenoteK = {u € (y|0, 1] : wis concave}. Then it is easy to see thaf is an order cone. Let
the operatof (\, v) : [0,00) x K — K be defined by

Sy eyt (2 A(r) f(u(7) + a(1 = 7))dr — @,(a)) ds + at,

0 S t S A)\ v
HMNv)@) =19 1 1/ ’
DO =0 oot (15, M) (a1 — 7)) + gyla)) ds — a1 — 1),
Ay, <<,
where

Axp A v
/0 05! (/ A7) F(0(7) + a(1 — 7))dr — gop(a)> ds + aAy,

- AlA 0, </Ai AR(T) f(v(T) + a(l — 7))dT + gop(a)> ds —a(l — Ayy,). (3)

Assume(H) and (Fy) — (F3), then by the generalized Picone identity and the properties the
p-sine function [3], we obtain the followings;

Theorem 0.1 H(\, v) is completely continuous df, co) x K.

Theorem 0.2 There exists an unbounded continudrhifurcating from(0, a) in the closure of
the set of positive solutions 6P, ) in [0,00) x K.

Lemma 0.3 Letw be a positive solution dfP,). Then there exists > 0 such that\ < ).

Lemma 0.4 LetJ = [a, 5] be a compact interval ii0, co). Then for all\ € J, there exists
M, > 0 such that all possible positive solutionf (P,) satisfy||u||. < M.

Theorem 0.5 There exist® < \* < A, such that(P,) has two positive solutions for < A <
A*, one positive solution fok* < A < \,, and no positive solution fak > \,.



(

GLOBAL EXISTENCE RESULT

Let us consider the following-Laplacian problem,

div(|Vu|P72Vu) + 2|7 f(u) = 0in |z| > 7, (E)
Ul|g|=r, = 0 @ndu — p > 0 as|z| — oo. (Dy)
Condition(K) with K (|x]) = |z|~! corresponds td > p. By transformations = |z|, u(r) =

(N—p)

z(z) andt = (%)_ »' we obtain

_1\P —p(N—1)+(p—1)l
op(2) + (B2) rht— o f(2) =0,t € (0,1)
2(0)=pu >0, z(1) =0.

For o = BA=J==U condition/ > p yieldsa < p. By transformations(t) = =% and

v(t) = u(t) —a(l —t), we get

{ (v(_) a) + M f(o(t) +a(l—1) =0, t € (0,1), (B
(0) =0=w(1).

where() < a < p. Now the aim of our work is to investigate global bifurcation phenomena of
positive solutions for problertE,). If 0 < a < 1, thenh(t) = ¢~ is L'(0, 1). Thus solution
space iS0[0, 1] and by typical Leray-Schauder degree argument, in the franag-odpology,

the theorem can be proved [2]. In this section, we focus on thelcgse < p. Define

t;%, fl<a<p
w(t) = -1 .
min{(—1Int¢)»-1,1}, ifa=1

and also define weighted solution spacg[0,1] = {u € Cy[0,1] : wu' € C[0,1]}. Then
(Cw, || - |lw) s a Banach space withu||,, = ||u||le + ||wt'||- Let K = {u € C,|uis concave
on (0,1)}. By a priori estimates of solutions and degree computation€'gif, 1], we get the
second main theorem as follows.

Theorem 0.6 Assumé F) — (F3). Also assume

(A) a <p,
F,) fis nondecreasing.

Then there existd* > 0 such that(F,) has at least two positive solutions fare (0, \*), at
least one positive solution for = A* and no solution for\ € (A\*, o).
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